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THE TOPOLOGY OF NORMAL SINGULARITIES 
OF AN ALGEBRAIC SURFACE 
AND A CRITERION FOR SIMPLICITY 


By Davin MUMFORD 


Let a variety V" be embedded in complex projective space of dimension m. 
— nee ie P, choose a ball U of small radius ¢, in some affine metric 
ds? = Ldx; ra i Xdy;, R= 4+; affine coordinates. Let B be its boundary and M=BnV. 
Then M is a real complex of dimension 2n—1, and a manifold if P is an isolated 
singularity. The topology of M together with its embedding in B (=a 2m— 1-sphere) 
reflects the nature of the point P in V. The simplest case and the only one to be 
studied so far, to the author’s knowledge, is where n=1,m=2, i.e. a plane curve 
(see [3], [14]). Then M is a disjoint union of a finite number of circles, knotted and 
linked in a 3-sphere. There is one circle for each branch of V at P, the intersection 
number of each pair of branches is the linking number of the corresponding circles, 
and the knots formed by each circle are compound toroidal, their canonical decomposition 
reflecting exactly the decomposition of each branch via infinitely near points. 

The next interesting case is *=2,m=3. One would hope to find knots of a 
3-sphere in a 5-sphere in this case; this would come about if P were an isolated singularity 
whose normalization was non-singular. Unfortunately, isolated non-normal points 
do not occur on hyper-surfaces in any Cohen-MacCaulay varieties. What happens, 
however, if the normalization of P is non-singular, is that M is the image of a 3-sphere 
mapped into a 5-sphere by a map which (i) identifies several circles, and (ii) annihilates 
a ray of tangent vectors at every point of another set of circles. In many cases the 
second does not occur, and we have an immersion of the 3-sphere in the 5-sphere. It 
would be quite interesting to know Smale’s invariant in 7,(V,,) in this case (see [10]). 

From the standpoint of the theory of algebraic surfaces, the really interesting 
case is that of a singular point on a normal algebraic surface, and m arbitrary. M _ is 
then by no means generally S* and consequently its own topology reflects the singu- 
larity P! In this paper, we shall consider this case, first giving a partial construction 
of x,(M) in terms of a resolution of the singular point P; secondly we shall sketch the 
connexion between H,(M) and the algebraic nature of P. Finally and principally, 
we shall demonstrate the following theorem, conjectured by Abhyankar: 

Theorem. — 7,(M)=(e) if and only if P is a simple point of F (a locally normal 
surface); and F topologically a manifold at P implies 7,(M) = (e). 
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1. — ANALYSIS OF M AND PARTIAL CALCULATION OF z,(M) 


A normal point P in F is given. A finite sequence of quadratic transformations 
plus normalizations leads to a non-singular surface F’ dominating F [15]. The inverse 
image of P on F’ is the union of a finite set of curves E,, E,,...,E,. By further quadratic 
transformations if necessary we may assume that all E; are non-singular, and, if 7+), 
and E;nE,+0, then that E; and E, intersect normally in exactly one point, which 
does not lie on any other E,. This will be a great technical convenience. 

We note at this point the following fundamental fact about E;: the intersection 
matrix S=((E;.E;)) 1s negative definite. (This could also be proven by Hodge’s 
Index Theorem.) 

Proof. — Let H, and H, be two hyperplane sections of F, H, through P, and H, 
not (and also not through any other singular points of F). Let (/)=H,—H,. 
Let H{ be the proper transform of H, on F’, and Hj the total transform of H,. 
Then Hj=H;{+ 2m,E,, where m,>o, all i (here m; is positive since m;=ord,(/), 
f a function that is regular and zero at P on F, and moreover P is the center of the 
valuation of E; on F). 

Let S’=((m,E,;.m,E,)) =M.S.M, where M is the diagonal matrix with M;;=™m,. 
To prove S’ is negative definite is equivalent with the desired assertion. Now 
note (a) S,>o, if 7+), (d) 28; = 2 (m,E,.m;E,) = — (Hy.m;E;) So, all 7. For any 
symmetric matrix S’, these two facts imply negative indefiniteness. To get.definiteness, 
look closer: we know also (¢) 2Sj;<0, for some 7 (since H; passes through some E,), 


and (d) we cannot split (1, 2, «..;”) = (4; t,0>e, %)U (Gis desea ee nee 
that S;,,=0, any a, 6 (since UE; is connected by Zariski’s main theorem [16]). Now 
these together give definiteness: Say 


2 
0=20,0,S;,= Da;'S;,+ 2 © 50/85 
ij i<j 


=> (TS/.)\e2— ¥ Si (a,—a,)? 
AP ui) 5 2 mel 


where «; are real. Then by (c), some «=o, and by (d), «,=«,, all i, j. 

Our first step is a close analysis of the structure of M. We have defined it informally 
in the introduction in terms of an affine metric (depending apparently on the choice 
of this metric). Here we shall give a more general definition, and show that all these 
manifolds coincide, by virtue of having identical constructions by patching maps. 

In the introduction, M is a level manifold of the positive C® fen. 


fA Pa eae 
(Z; affine coordinates near PeF). Now notice that M may also be defined as the level 
manifolds of p? on the non-singular F’ (#2 being canonically identified to a fen. on Fy) Aa ot 


is as a “tubular neighborhood” of UE;cF’ that we wish to discuss M. Now the general 
problem, given a complex K cE”, Euclidean n-space, to define a tubular neighborhood, 
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has been attacked by topologists in several ways although it does not appear to have 
heen treated definitively as yet. J. H. C. Whitehead [13], when K is a subcomplex 
in a triangulation of E", has defined it as the boundary of the star of K in the second 
barycentric subdivision of the given triangulation. I am informed that Thom [11] 
has considered it more from our point of view: for a suitably restricted class of positive 
C® fens. f such that /(P)=o it and only if PeK, define the tubular neighborhood 
of K to be the level manifolds f=c, small c. The catch is how to suitably restrict; 
here the archtype for f~* may be thought of as the potential distribution due to a uniform 
charge on K._ In our case, as we have no wish to find the topological ultimate, we shall 
merely formulate a convenient, and convincingly broad class of such f, which includes 
the #? of the introduction. 


Let us say that a positive C® real fen. f on F’ such that f(P)=o iff PeE,, is 
admissible if 

1) VPeE;— UE,, if Z =o is a local equation for E, near P, f=|Z|"".g, where g 

gt 

is C* and neither o nor oo near P. 

2) If P,;,=E;nE;, and Z=o, W=o are local equations for E;, E; respectively 
then f=|Z|".|W|".g, where g is C® and neither 0 nor o near P,,. 

The following proposition is left to the reader. 


Proposition: (i) If F’’ dominates F’, and fis admissible for UE; on F’, and g: FF’ 
is the canonical map, then fog is admissible for g~‘(UE,) on F’. 

(ii) For a suitable F’”” dominating F’, p? is an admissible map for g~'(UE,). 

Let me say, however, that in (ii), the point is to take F’’ high enough so that the 
linear system of zeroes of the functions (Za,Z;) less its fixed components, has no base 
points. 


What we must now show is that there is a unique manifold M such that, if f is 
any admissible fcn., M is homeomorphic to {P| f(P) =e} for all sufficiently small «. 
Fix a fen. f to be considered. Notice that at each of the points P,,, there exist real C® 
coordinates X,,, Y;;, U;;, Vij, such that 

aie as (Us Va, 
a,;; a constant, valid in some neighborhood U given by 
XE+ YG<1 
UR+ Vii< i 
Assume E, is X,,=Y,,=0, and E, is U,=Vi=0- 
Our first trick consists of choosing a C® metric (ds)? (depending on J), such 
that within 
ee as ; 
ees + Vi<1/2 
ds? = dX?2.4+ dY;,+dU;,+dVj. 
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Such a metric exists, e.g. by averaging a Hodge metric with these Euclidean 


metrics by some partition of unity. Now let 


} 
; 

i E; 

be the normal 2-plane bundle to E, and normal S'-bundle to E; in F’ respectively. 
Consider the map (exp),: N,->F’ obtained by mapping N, into F along geodesics 
perpendicular to E,. Let f,=fo(exp);. Now for every point QeE;—U,,,E,, there 
is a neighborhood W of Q¢E,, and an «, such that if e<<,, the locus f,(P) =«, x,(P) «W 
cuts once each ray in x; 1(W) (because fi is a well-defined pos. C® fen. vanishing on 
the zero cross-section, with non-degenerate Hessian in normal directions; this is the 
standard situation of Morse theory, see [g9]). Consequently, for any WcE, open, 
such that E.nW =9,)+1, there is ane, such that if e<e,, the locus f(P) =< canonically 
contains a homeomorphic image of J; '(W) (recall (exp); is a local homeomorphism 
near the zero-section of N;). Therefore, we see that the manifold M for which we are 
seeking a definition independent of f, is to be put together out of pieces of S;; we need 
only seek its structure near P;,. Let us therefore look in U’. Let us fix neighborhoods 
U,, of P,,eE; and U,, of P,«E, by (Ui,+Vi)<1/4 and (Xj,+Y;)<1/4 respectively. 
Let E,=E,— UU, for all k. Now choose ¢)<«,,/8*" and so that if e<e,, f(P) =« 


contains 4; '(E;) and |; *(E;) canonically. Then in the local coordinates in U’ about 
P,, v7 (E}) c{P | f(P) =e} equals 


nj 1jn; 
& Yi; U;; Vii) |UZ+Vi= 1/4, Xi+ Y= ie | 
aj 


\ 


and w; ‘(dE;) c{P| f(P) =e} equals 


nN; 1jn; 
ee Yi;, Uy, Vij) |XG+Y¥i= 1/4, UZ+Vi= (4 ; 


Ci 


(because of the Euclidean character of the metric ds? near P;,, 

ny 1/n; 

e ; <1/8. Therefore, we see that $;*(E;) and $7 *(E) 
iy 

are patched by a standard “plumbing fixture’’: , 


{(4,.95 4, 2) [ (4? +97) < 1/4, (w+ 0") < 1/4, (2? +97)". (P+) = e<1/8"™} 


exp, takes the simplest 


possible form!). Note 


where n and m are integers. 

One sees immediately that this issimply S' x S' x [o, 1], and if we set M' =;!(E}), 
then it simply attaches 8M; to @M;. Moreover, what is this attaching? ‘There is a 
coordinate system on both 0M; and @M; via 
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9 
y x Ee \ 
\ ae = =s ai —_ € €S? (in the usual embedding in E?) 
\ Xi + Yi \ Xi, se Yj/ 
( roc | = eS! (in th 
Fae, Re | = y eS! (in t 1 embedding in E? 
\ Ur Ve VUE+ Vi) y e usual embedding in E”) 


and relative to these coordinates, the attaching is readily seen to be the identity. To 
complete the invariant topological description of M, we need only to show that the 
cycles {(, No) |B eS*, no fixed} and {(&s 1) |& fixed, »¢S'} are invariantly determined 
(since an identification of 2 tori is determined up to isotopy by an identification of a basis 
of r-cycles). But on M} for instance, the 1st one is just the fibre of S; over a point 
of E;, and the end is the loop FE; lifted to S, so that it is contractible in v; *(U,) ; similarly 
on Mj, but vice versa. 
This determines M uniquely. We have essentially found, moreover, not only M 

but also for any fixed f, maps 

9: M-+UE, 

b : {Plo<f(P) <e}+M 


where induces a homeomorphism of any {P| f(P) =e«’<e} onto M. Namely, define 9 
on M; by ¥,: projection into E,, and in U’ near P 


aj? 
9((X,;; Yi U;;, V;;)) = (0, 0, U;,,, Vi) EE, if Uj,+ Vi = 1/4 


= (0, 0, pU,, pV,)eE,; if X+YV;<U;+ Vi < 1/4 


d 


define it as follows (fig. 1): 


=(p'X,,, p’Y,,, 0, 0)€E, if U;+Vi<Xi+Y¥5 <1/4 
where p=1(Xj,+Yy, Ut Vii) 
b= «(U5 + Vis Xi + YG) 
and where eS eee a dee 
I—4a@ 


As for ~, away from P,,, define | by first (exp); ‘, then the projection of N;— 
(o-section) to S,, and then the identification of S; into M; near P,,, define it by identifying 
those points whose £ and y coordinates are equal, and that have the same image in 
E,VE, under the map 9. 

Note that 9 induces a map 9,: 7,(M)—7,(UE;), which is onto as all the “fibres” 
are connected (1). In order not to be lost in a morass of confusion, we shall now restrict 
ourselves to computing only H, in general, and 7, only if = (UE) = (ce). Note thats 
this last is equivalent to (a) E, connected together as a tree (i.e. it never happens 
E,nE,+9, E,nE, +9, ..., E,_,9E, +9, E,NE,+@ and k>2 for some ordering of 
the Es), (b) all E; are rational curves. 

First, to compute H,(M), start with H,(UE,). Let U E,, as a graph, be p-connected, 


(1) M is, of course, not a fibre space in the usual sense. However, the map 9? in question is onto for any 
simplicial map such that the inverse image of every point is connected. 
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i.e. there exist some P,, ..., P, such that if these points are deleted from UE,, then U Ei 
becomes a tree, but this does not happen for fewer P;. Choose such P;, and to UE;,—UP,, 
for each P,, add two points P/ and P’, oné to each E, to which P; belonged. The result, 
T, is, up to homotopy type, simply the wedge of the (closed) surfaces E, C)2 Osis 
itself obtained from T by identifying the p pairs of points P/, P;’; therefore up to homotopy 


A=x?+y2 


Yn ee IES 
ary ' 
7 ThA 
ps 
| 
jis i 
| 

| 


Fig. 1 


type, it is the wedge of E; and loops. Therefore H,(UE,)=Z?*t?™%, where g, is the 
genus of E;. 

Now 9g, induces an onto map H,(M)—H,(UE,), by passing modulo the commu- 
tators. Let K be its kernel. Let «, be the loop or cycle of M consisting of the fibre of 
Moversome pointin E;— U,_;E, with the following sense: if f, = 0 is a local equation for E,, 


ie = + ont 


or equivalently «; as a loop about the origin of a fibre of the normal bundle N; to E, 
should have positive sense in its canonical orientation. I claim «, generate K, and 
their relations are exactly U(E; 7E a, = 0, 11, .. 5 a 


(1) For example, proceeding surface by surface in any order, we may deform the complex UE; so that all 
the E; which meet some one E; meet it at the same point. 
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II 


Proof. — First introduce the auxiliary cycles 8, on @~1(E,)=M,, whenever 
E,QE,;= (P,,) +09. Namely, move the cycle «, along the fibres until it lies on 9 -1(P,) CM,, 
_ and there call it 6. By my construction of the patching of M,; and M., ee babes 
that 8, is what I called y, while a, is £. Now compute the subgroup K. of H,(M;) 
defined by : 


o>K,—> H,(M;) > H,(E,) +o 


| 
a 
o> K—~+> H,(M) +H,(UE,) +o. 


As above, let U,; be a small disc on E, about P;,, and E; = E,—UU,, 
and M;=@~'(E;). Then M; is a deformation retract of M,, and is, on the one hand 
canonically the restriction of the bundle S, to E;, and on the other hand uncanonically 
homeomorphic to S!XE;. In this last description, «, is canonically identified to 
S' x (point), while 8;, are identified to (point) x 0(U;,;) only up to adding a multiple of «,. 
Therefore we see that K; is generated by «,, 6,;. with one relation (+) 


28, + Na,=0, some N. 
i] 


To evaluate N, note that {;, considered as cycles in §; are locally contractible (i.e. in 
the neighborhood of @~'(P,,) described by my plumbing fixture). It is well known 
that when the oriented fundamental 2-cycle of E; is lifted to S;, its boundary is (E;)q,;. 


Therefore, this same lifting in M,; will have boundary 2B,,-+ (E7)a;. Now by the 


i] 
Mayer-Vietoris sequence, H,(M) is generated by H,(M;), hence K is by K,, and has 
extra relations imposed by the identification of cycles on M;nM;. Since H,(M;nM,;) 
is generated by 8, and @,,, these relations are implicit in our choice of generators. 


As a consequence of our result, since det(E;.E,)=p+0, K is a finite group of 
order p, and is the torsion subgroup of H,(M). 

Now consider the case E, rational, and UE, tree-like. We shall compute z,(M), 
using =,(M,) as building blocks. In order to keep these various groups, with their 
respective base points, under control, it is necessary to define a skeleton of basic paths 
leading throughout E;. Let QicE,— UE; be chosen as base point in E;. On E,, 
choose a path /; as illustrated in Diagram II touching on each P,,cE;. Lift all the /; 
together into M by a maps, so that 9(s(/;)) =/;, and so that at 9 *(P,,), s(/,) ns(j;) +9. 
Choose, e.g. 5(Q,) as base point for all of M. Let G=UjJ;. Now the lifting s enables 
us to give the following recipe for paths «;: 

1. Go along s(G) from s(Q,) to a point P in M;. 

9. Goonce around the fibre of M, through P in the canonical direction explained above. 


3. Go back to s(Q,) along s(G). 


(2) In the map H,(E,) > H,(E;), the kernel is generated by 40(U;,)} with the single relation 2j442(U;;) = 


u 
2 (fundamental 2-cycle of E;) ~OoO. 
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This is clearly independent of the choice of P. : 
Our result can now be stated: firstly, the «, generate =,; secondly, their only 
. . 2 
relations are (a) «and « commute if E;nE,;+9, (b) if k;=(E;), and Ej, Ej, ey By 
are those E, intersecting E;, written in the order in which they intersect /,, then 


k; 
— . . te « «. (OGat Ts 
é Oj % » He 


To prove this, we use the following theorem of Van Kampen (see [8], p. 30): 
if X and Y are subcomplexes of a complex Z, and Z=XuY, while Xn¥Y is connected, 
then 7,(Z) is the free product of 7,(X) and x,(Y) modulo amalgamation of the sub- 


Fig. 2 


groups 7,(XaY). Now since E; is tree-like, M can be gotten from the M, by successively 
joining on a new M, with connected intersection with the part so far built up. Let 7,(M;) 
be mapped into z,(M) by mapping a loop in M,; with base point s(Q,) to one in M with 
base point s(Q,) by simply tagging on to both ends of it the section of s(G) joining these 
two points. Then 7,(M) is simply the free product of the z,(M,) with amalgamation. 
of the loops in M;qnM;. Now recalling the structure of M;, we have an exact sequence 
that splits: 
0 > 7,(S!) > 7,(M,;) + 7,(E}) >o 

(S' the fibre of M;, a 1-sphere). The path «; is clearly a generator of z,(S1) here, and 
hence in the center of z,(M;). 

Now the important thing to notice is that if E; meets E,, then a, in 7™(M,) can 
be moved by modifying the point P on s(G) where a; detours around the fibre S1; in 
particular, it may do this at s(J;)ns(J,). In that position the loop a, may be regarded 
canonically as in 7,(M;). Under the identification of x,(M,) to 7,(M;) and the 
projection x of this group onto 7,(E;), what happens to the loop «;? Recalling the 
patching map on the boundaries of M; and M; which was examined above, we see that 
this path proceeds along G from Q, to near P,,, then circles around the boundary of U;; 
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ina positively oriented direction, then returns along G to Q,. Referring again to our 


diagram, _ it j 
g we see the relation e= (a). lI ate 7%; ). Now it is well-known that 


these loops x(q; ,) generate the fundamental group of the m-times punctured sphere, 


and that this is se unique relatior 


Consequently, looking at the above exact sequence, 
it is clear that «,, «, 


ja cee toifen distorted into M, as indicated above) generate z,(M,). 
Moreover, the only relations among these generators are, therefore, that a, and «, 
commute, and «; .. - 0% €7%(S#), ie. = «ai. But, using our results on H,(M), N=—(E?). 

It follows drat a, generate m,(M) with relations (a) and (6), and that the only 
additional relations are those coming from the amalgamation of ™(M;aM;) =Z+Z. 


But «; and «; are generators here, and as loops in M, and M,, these have already been 
identified. Het we are through, Q.E.D. 


II. — ALGEBRO-GEOMETRIC SIGNIFICANCE OF H,(M) 
(a) Local Analytic Picard Varieties and Unique Factorization. 


We shall study in this section two questions of algebro-geometric interest in the 
solution of which the topological structure of M, in particular its homological structure, 
is reflected. The first of these is the problem of the local Picard Variety at PeF. 
Generally speaking, this, as a group, should be the group of Jocal divisors at P modulo 
local linear equivalence to zero. (We shall be more precise below.) However, if by 
divisor one refers to an algebraic divisor and by local one means in the sense of the 
Zariski topology, one sees by example that the resulting group has little significance: 
it is not local enough. Ideally, one should mean by an irreducible local divisor a 
minimal prime ideal in the formal completion of the local ring of the point in question. 
However, I have been unable to establish the structure of the resulting Picard group. 
A compromise between these two groups is possible over the complex numbers. ‘Take 
as divisors analytic divisors, and the usual complex topology to interpret local. There 
results a local analytic Picard variety that is quite accessible. In this section, we shall 
first analyze the group of local analytic divisors near UE; modulo local linear equivalence 
and then consider the singular point P. Here by local analytic divisors we mean formal 
sums of irreducible analytic divisors defined in a neighborhood of UE; (including the 
divisors E, themselves). Such a sum, &n;D,, is said to be locally linearly equivalent 
to zero if there exists a neighborhood U of UE; where all D; are defined and a meromorphic 
function f on U such that (f) = %n,(D;qU). This quotient we shall call the local analytic 
Picard Variety at UE,, or Pic (UE,). 

Denote by 2 the sheaf of germs of holomorphic functions on F’; by Q*cQ the 
sheaf of germs of non-zero holomorphic functions. One has the usual exact sequence: 


exp (2712) 
63 ZO) —— OF 0 


where Z is the constant sheaf of integers. Let 2: F’+F be the regular projection 
from the non-singular surface F’ to the singular F. 
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Proposition. — Pic(UE,) ~(R* x) (Q’)p. 


Proof. — Define Pic(UE,)->(R!x)(Q*)p, by associating to %m,D,, defined 
in U>dUE,, the following 1-cocycle: assume PeV,2 *(V)CU, assume Spica 
local equation for &m;D; in V,, {V,} a covering of V, then {fF IfjJeV,}, 2 
induces an «€H!(x~*(V), 0"), hence an «’e(R'z)(O")y, hence an a’’e(Rix a 
It is well known that aeH'(x~1(V), Q") is uniquely determined by %m,D;, hence 
so is a’’. 

To see that n,D,>«" is1—1, say «’’=o. Therefore JV’CcV say, Resy«’ =o, 
ie. Res,-1yy(#)=0. Therefore the covering {Vax *(V’)}={V;} has a refinement { V;’ } 
such that there exist non-zero functions g, on V;’ such that g,/g,,=fi,/f4, (for some 


map 7+ from the indices of {V;’}to those of {V,} such that V,’cVz,). Therefore f ate 


defines a function throughout ~~ '(V’) such that (/) = 2n,D,. 8% 

To see that En,D,—«’’ is onto (R'z)(Q’)p, let 6’’e(R*'x)(Q")p be represented 
by BeH'(x-1(V), Q*) and let this define the line bundle L over x~*(V) in the usual 
way. Let Y be the sheaf of germs of cross-sections of L: a coherent sheaf. Now by 
a result of Grauert and Remmert (cf. Borel-Serre [2], p. 104), (R°x)(Y) is coherent 
on F. But (R°x)(¥) is not the zero sheaf on F (at all points Q+P, Jo=(R°x)(Y)a), 
hence there exists some element Se(R°x)(Y)p,S+0. S corresponds to a section 
in J,-.y), for some open V’aP, V'cV. Therefore, the line bundle L]m “(V)shasia 
section S. But if @ is represented by a cocycle f,, with respect to a covering {V;} of V, 
then S is given by a set of holomorphic functions /; on V; such that f,=fi(f,). It 


) 


follows that f;=o define a divisor which is represented by 8. 


A. Grothendieck has posed the problem, for any proper map ff: V,~V, (onto), 
to define a relative Picard Variety of the map f. It seems clear, in the classical case, 
that if Q* is the sheaf of holomorphic units on V,, (R‘f)(Q*) is the logical choice 
although no nice properties have been established in general so far as the writer knows. 
In our case, (R*f)(Q")g, for Q+P, is simply (1), but at P, we have seen it to be Pic(UE,). 
We now wish to show that in our case, (R‘f)(Q")p is an analytic group variety. This 
is seen by the exact sequence for derived functors: 

0-> (Rix) (Z) > (R°x)(Q) > (R°n)(O') > 
u) 


- (R'n)(Z) > (R'x)(Q) > (R'x) (Q) 
> (R*x)(Z) > 


(i) Note first that if xe(R°x)(Q"),, then x is a non-zero function on = cA 
PeV, and necessarily constant on UE; which is connected and compact, therefore, 
at least on some x~*(V’), PeV’CV, x=exp (2niy), ya holomorphic function on x~*(V’), 
hence «=9( 9), ye(R°r) (Q)>. 

(ii) Note secondly that (R‘'r)(Z),~H'(UE,, Z), since for PeV, V small, oe 
is contractible to UE;. 
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(iii) Note thirdly that if i>o, (R't)(Q)g=(0) for Q+P, and being a coherent 
sheaf, for Q =P must be a finite dimensional vector space over C. 


(iv) Note fourthly that if Ws eH?(U E,, Z) = (R?x) (Z)p, there exists « e(R'z) (Ons 


such that Yay. To show this, note that H*(UE,, Z)~Z", (n= number of irreducible 


curves in UE;) with generators y, whose value on the a-cycle E; is §,,; it is enough to 


verify it for the generators y;.. But let D, be an irreducible analytic curve through 


QeE,— UE, with a simple point at Q, and tangent transversal to that of E; at Q. If 
D,>«,¢(R'x)(Q’), I claim a,;=y, This is left to the reader. Therefore, we obtain 


o-+>H'(UE,, Z)> (R'x) (Q)p—> Pic (UE,) + H°(UE,, Z) 0 
d| 


CY, some N. 


(v) Note lastly that y maps H'(UE,, Z) into a closed subgroup of (R'z)(Q)p, 
hence the connected component of Pic(UE,) is an analytic group. If this were false, 
there would be a real sum of elements of H!(UE,, Z) that was zero without having to 
be, ie. {a,;,}¢H'(x~1(V), R) (with respect to some covering {U;}) such that {a,}~o 
in the sheaf Q (in some x~*(V’), V’'cV). In other words, «,=—f,—f,, f; holomorphic 
in U;. But let p; be a real, C® function on U; such that «= /,—p, (Poincaré’s lemma). 
Then f,—p,=F,df,=o and dp;=y, are defined all over 2 4(V’),o—y=dF. I 
claim actually all the periods of » are zero (which implies »=df, and {a,}~o in 
H1(UE,, R) and we are through). First of all, the periods of y equal those of w. Look 
at its periods on the 1-cycles of any E,: since y is real, all the periods of the holomorphic 
differential « are also real. But it is wellknown that then all the periods of m must 
be identically zero, and therefore w reduces to zero on paths in E;. Since this is true 
for all i, w has no periods along any path in UE,, and since x ‘(V’) is contractible to UE,, 
« has no periods at all. Therefore neither does y and we are through. 

There is another way of looking at Pic(UE,). Namely, let 9 be the local ring 
of (convergent) holomorphic functions at P, i.e. (R°7) (Q)p (by the theorem of Riemann, 
cf. the report of Behnke and Grauert ([1], p. 18)). Now every divisor D’ in ee VN 
except for the E,’s, defines a divisor D in V’, hence a minimal prime ideal pin o. Let us 
set Pic(P) equal to the group of ideal classes in 0: i.e. to the semi-group of pure rank 1 
ideals a of 0, modulo the principal ideals (1). Then the association of D to p defines a 
map from Pic(UE,) > Pic(P), (if we define the image of each E; to be (1), the identity). 
This is quite clear once one sees that every meromorphic function fin x '(V) is a quotient 


(1) The composition law is the “Kronecker” product treated so elegantly by Hermann Wey! [12], cf. chapter 2, 


namely: 
(a, b) >rank 1 component of a.b 


= U (a,b): mm 
n=1 


where m = maximal ideal of ° 
(:) = residual quotient operation. 
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of two holomorphic functions in some x~1(V’), V'cV: but given f, consider the coherent 
sheaf ¥ given by {g|(fg) is a positive divisor}. (R°x)(#) is coherent, hence there 
exists g,¢(R°x)(¥)p, and if fe,=g., then f=g,/g, is the desired decomposition. Now 
the map Pic(UE,)—Pic(P) is onto as every minimal prime ideal pco defines some 
divisor through P. Its kernel is immediately seen to be generated by the E; themselves. 
Hence we see 


Fie\UE En, 


Proposition: 


Corollary. — We have 
0 + H(UE,, Z) > (R1z)(Q)» & Pic(P) + H,(M), > 0 


where H,(M), = torsion subgroup of H,(M) and ¥ associates to the divisor D through P, 
the 1-cycle DaM. 


Proof of Corollary: Note that Xn,E, is never in the image of (R'z)(Q)p since that 
would require (2n,E;,E,)=o for all j. To see the exactness at y, note that the 


co-kernel of @ is obtained by associating to a divisor &n;D; (where we may assume 
E,aE,q (USupp D,) =9, all i+)) the formal sum 
l 


> (2n:D;.E,)¥ modulo |= (Ex. Ex) vel 
k\4 k ) 


the y, as in (iv) above. But is given by associating to Xm,D;, the element 


> (an; D,. E,)e%,, 
k 


in terms of our basis for H,(M), in (I); but by our enumeration of the relations on the «, 
we see y, can be interchanged with «,. 

Do these results have purely algebraic counterparts? First, note that it is hopeless 
to expect that the ideal structure of 0) (=algebraic local ring of P on F) will reflect the 
homology of the singularity so well. This is seen in the following example: Take a 
non-singular cubic curve E in the projective plane, and let P,, ..., P,;; be points on E 
in general position except that on E the divisor &}°P,;=5 x (plane section). Blow up 
every point P; to a divisor E;, and call F’ the resulting surface. On F’, the proper 
transform E’ of E is exceptional: it is shrunk by the linear system of quintics through 
the P;. Then E;—E, as a divisor in Pic(E’) is in the component of the identity, but 
as an algebraic divisor is not algebraically locally equivalent to zero: in fact F’ is regular, 
hence algebraic and linear equivalence are the same, but since Tr, (E,—E, Os ay 
is not locally linearly equivalent to zero. 

However, I conjecture that the ideal class group of vo" (=completion of p, and pv) 
is identical to that of 0, and that sums of formal branches through UE, modulo holomorphic 
linear equivalence (in the sense of Zariski [17]) gives Pic(UE,). If this is so, it should 
give Pic(UE;) an algebraic structure, which would be a decided improvement on our 
results. At present, I am unable to prove these statements. 
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(6) Intersection Theory on Normal Surfaces. 


We consider here the problem of defining, for divisors A, B through P on F, (a) 


total transforms A’, B’ on F’, and (5) intersection multiplicities i(A.B; P). This 


problem has been posed by Samuel (see [7]) and considered by J. E. Reeve [19]. In 
this case, I suggest the following as a canonical solution: 


a) ‘Yo define A’=Aj}+-=r,E;, where Aj is the proper transform of A, require 


LD = 0, ar oe ea, 
or 


(Ay: By) ds, (ES B01 1,2) 0 
j 


Since det(E;.E;)=w+o0, this has a unique solution. 
b) To define 7(A.B; P), set it equal to 


(AY. BS over P 
= SLAs. Bus P) + Bn i(By.Bys Py] 
= 5 Li(Aj-Bis P)) + E5i(Ay. By PY] 


where 
IA’ =Aj+27,E,; B’=B,-+ %s,E,. 


Vato 


We note the following properties: 
Gis (f >, then A‘'==(7),.; hence A==B implies A’=B’%, 
Proof. — For ((f),.E,) =o. 


(ii) A effective, then all 7; are positive. 
Proof. — Say some 1;<0. Say also 1,/m;<1,/m;, ally, where the m; are the same 
as in the proof of negative definiteness. ‘Then we see: 


o> 21, (E;.E;) = X1;/m, (m,E;.E;), 
j j 
= 1, /m;> (m,E,. E;) > 0. 
) 


Therefore, if E,nE,;+9, 7,/m;=1,/m; and 1,<o0. As UE, is connected, this gives 
ultimately 1,/m;=R, independent of 7. But then also (2m,E,.E;)=o0, all 7, which 
contradicts property (c) in the proof just referred to. 

(iii) (A.B; P) is symmetric and distributive. 

(iv) A and B effective, then i(A.B; P) is greater than o. 

(v) i(A.B; P) independent of the choice of F’. 

| Proof. — To show this, it suffices, since any two non-singular models are dominated 
by a third, see Zariski [15], to compare F’ with F” gotten by blowing up some point P’ 
over P. But let A’, B’ be the total transforms of A, B on F’, and A’, B” those on F”, 
and let T be the map from F” to F’. Then with respect to T, A” is the total transform 
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of A’on F”, and B” that of B’. In that case it is well-known that, for any point set S in F’ 
(including all the points of any common components of A’, B’), (A’. B’), = (A”’.B”)q-1)- 
(vi) A’ is integral if and only if 2(Aj.E,)a,=o in H,(M). 
Proof. — %(A‘.E,)a,=0 if and only if there are integers k; such that 
(Aj. E,) = 2h, (E,.E,), 


i.e. if the relation &(A‘.E,)a,=o0 is an integral sum of the relations defining H,(M). 
But this is equivalent to (Aj+X4,E,.E,)=o for alli,ie. A’=A,+24E,, ky; integral. 
Q.E.D. 

The element 5(A/.E,)a, has this simple interpretation: if M is chosen near enough 
to P, it represents the 1-cycle AnM. We see that this is again the fundamental map: 
(Group of Local Divisors at P)H,(M) considered in the final corollary of part (a). 
By the results of part (a), moreover, we can interpret (vi) as saying: A’ is integral if and 
only if A is locally analytically equivalent to zero (i.e. A is in the connected component 
of Pic(P)). Essentially, our definition of intersection multiplicity on a normal surface 
is the unique linear theory that has the correct limiting properties for divisors that can 
be analytically deformed off the singular points. 


III. — THE CASE z=, (M) = (e) 
We shall prove the following theorem, stronger than that announced above: 


Theorem. — Let F be a non-singular surface, and E;, 1=1, 2, ...,, a connected 
collection of non-singular curves on F, such that E;nE, is empty, or consists of one 
point on a transversal intersection, and E;nE;nE, is always empty. Let M bea tubular 
neighborhood of UE,, as defined in section I. If (a) 2,(M)=(e), and (bd) ((E,.E,)) 
is negative definite, then UE; is exceptional of first kind, i.e. is the total transform of 
some simple point on a surface dominated by F and birational to it. 


Proof. — As above, x,(M)=(e) implies that all E, are rational, and connected 
together as a tree. Now suppose that UE; is not exceptional of first kind. Assume 
that among all collections of E; with all the properties of the theorem, there is no collection 
not exceptional with fewer curves E;. As a consequence, no E, of our collection has 
the two properties (a) (E?)=—1, (b) E, intersects at most two other E,. For if it did, 
one could shrink E; by Castelnuovo’s criterion, preserving all the properties required 
(that the negative definiteness is preserved is clear as follows: the self-intersection of a 
cycle of the E,’s on the blown down surface equals the self-intersection of its total transform 
on F which must be negative). We allow the case where there is only one E,. Now 
the central fact on which this proof is based is the following group-theoretic proposition: 


Proposition. — Let G;, t=1, 2,3, be non-trivial groups, and a; an element 
of G;. Then denoting the free product of A and B by AxB, it follows 


G,+*G,*G,/modulo (a,4,4,=e) is non-trivial. 
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EON raid oe ie eae atin eee 
_of fact, these are swelled grou i Peer Mince eee ne es 
ps easily constructed as follows: choose a triangle with 
angles x/n,, ~/n,, and x/n, (modular if some n,=0o), 1 one of the three standard 
planes. Reflections in the threc sides of the triangle generate a group of motions of 
the plane, and the group we seek is the subgroup, of index 2, of the orientation preserving 
motions in this group. Secondly, reduce the general statement to this case by means of: 
(#) If n=order of a, in G,, and a, is identified to a generator of Z,CG,, then 
G,*G,*G,/(a,4,a,=e) trivial > Z,,+*G,*G,/(a,a,a,—=e) trivial. 

To show this, let H=G,*G,/((a,a,)"=e), and note that H is isomorphic to 
Z,,* G.* G,/(a,a,a;=e). Let n’ be the order of a, in H. Then G,*G,+G,/(a,4,4, =e) 
is the free product of G,/(a{=e) and H with amalgamation of the subgroups generated 
by a,a, and a,*. But by O. Schreier’s construction of amalgamated free products 
(see [5], p. 29) this is trivial only if H is, hence (#). Now the proposition is trivial if 
any a;=e; hence let n,;=order (a4,)>1. By (#) iterated, G,+G,«G,/(a,a,a,=e) trivial 
implies Z, *Z,,*Z,/(@,@,@,;=e) trivial, which is absurd. Q.E.D. 

Returning to the theorem, we wish to show the absurdity of 7,(M)=(e), while 
no E; is such that (a) (E;)=—1, and (5) E, meets at most two other E, There are 
two cases to consider: either some E; meets three or more other E,; or every E; meets 
at most two other E, (this includes the case of only one E,). 


Case 1. — Let E, meet E., ..., E,,, where m is at least 4. For t=2, 3,...,.m, 
let T; be the set of E,’s (besides E,) such that E, is connected to E; by a series of E, 
other than E,. The T,’s are disjoint. Let M,; be the manifold bounding a 
neighborhood of T,; as above. Let G;=7,(M,), and G=7,(M)/modulo «,=e, where «, 
represents, as in (I), the loop about E,. Then by the results of (I), 


G=G,#Gs, 1.., Gl (ago. 2. &, = 4) 


if the G, are ordered suitably, and «, in G,; represents a loop about E;. Now m>4, 
and x,(M)=(e), hence G=(¢), hence by the above theorem, there exists an 1 (say 
i=2) such that G,=7,(M,)=(e). By the induction assumption, the tree of curves T, 
is exceptional of first kind. Therefore, by Zariski’s theorem on the factorization of 
anti-regular transformations on non-singular surfaces (see [18]), some E, in T, enjoys 
the properties (a) and (6) with respect to T. Then E, would also enjoy them in UE; 
(which is impossible) unless E;=E,, in which case E, could meet only two other E, 
(say Exni1> Em42) in T,, but would meet three other E, in UE,;. Pursuing this further, 
apply the same reasoning to the curve E, which meets exactly three other E,. Again, 
either some curve shrinks, or else either E,, E,,,,, or E,,,. has in any case property (a), 
ie. self-intersection —1. But then compute ((E,+ E,)?) @=1,m-+1, orm+2 according 
as which E, has property (a)), and we get 0, contradicting negative definiteness of the 
intersection matrix. 
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Case 2. — It remains to consider the case where no E, intersects more than two 
others. Then the E, are arranged as follows: 


Fig. 3 


In this case, it is immediate that x, is commutative, hence =H,. It is given (in 
additive notation) by the equations: 


Ky oy Sa X ov eee eee eee O 
— 0, +hy% — Oy .-.-- = 

— O+thyag... 206 =0 

— Oy, 1 thy My =0, 


where k,=—(E?). Assume all k;>2, and prove 


k, —1I oO OF 2 eae ) 
ST 0 kp WOE ) 

y= det OG: Sn hy De 0: Piers 
Over = ce yes) Gees al Oa k, 


hence the equations have a solution mod yp. ‘To show this, use induction on n, using 
the stronger induction hypothesis k,>1, k,, ...,k,>2, allowing k; to be rational. Then 
note the identity: 


ky —I Oy sore O (ky — 1/k;) —1...0 

oa k ee ‘ 
det ; ; : =e Clet ‘ i c 

Op ace eee —I k,, OF tee —I k 


This completes the proof of our theorem. 


Corollary. — P a normal point of an algebraic surface F. If F has a neighborhood U 
homeomorphic to a 4-cell, P is a simple point of F. 


Proof. — Let W be the intersection of an affine ball about P with F, as considered 
in the introduction, and so small that its boundary M lifted to a non-singular model F’ 
dominating F qualifies as a tubular neighborhood of the total transform of P. It suffices 
to show that 7,(M)=(e), in view of the theorem just proven. Let U’ be a 4-cell- 
neighborhood of P contained in W, and let W’ be an affine ball about P contained 
in U’. We have constructed in section I a continuous map from U’—(P) to M that 
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induces the canonical identification of M as the boundary of W’ to M (as the boundary 
of W). Therefore if y is any path in M, regard y as a path in the boundary of W’; as 
_a path in U’—(P) (which is homotopic to a 3-sphere) it can be contracted to a point; 
but then } maps this homotopy to contraction of yasapathinM. Q.E.D. 


IV. — AN EXAMPLE 


It is instructive to note that there exist singular points P, for which H,(M)=(o), 
while, of course, 7,(M) +(e). Take P to be the origin of the equation o=x? +)!+ 2", 
where p, g, and nare pairwise relatively prime. Look at the equation as — (z)"=x? +1; 
this shows that M is an n-fold cyclic covering of the 3-sphere |x |?+ | y|?=1, x, complex, 
branched along the points x’+y’=0, i.e. along a torus knot, K, in S*. Therefore M 
is a manifold of the type considered by M. Seifert [20], p. 222; he shows H,(M) =(o). 

The singular point o=x*+y°+2° is of particular interest as illustrating the 
possibility of a singular point on a surface whose local analytic Picard Variety is trivial 
contrary to a conjecture of Auslander. To show Pic(P) (P=(0,0,0)), is trivial 
amounts to showing (R!z)(Q)»=(0), where x: F’-F is the map from a non-singular 
model to o=2x°+ 78+ 2° (since we know H,(M)=(o) already). Let us choose a 
slightly better global surface F (our statement being local, we are free to choose a 
different model of k(F) outside a neighborhood of P): namely take F, to be the double 
plane with sextic branch locus B : u(uy?+ 2°), whereu, y, zare homogeneous coordinates. 
F, has two singularities: one is over y=z—=o and this is P; the other is over u=z=o0 
—callitQ. Let F, be the result of resolving Q alone, and F, be the non-singular surface 
obtained by resolving P and Q. Let 7:F,-F,. We must show (R'z)(Q,,)p~(0). 
But since (R!z) (Q,,) is (0) outside of P, it is equivalent to show H°(F,, (R47) (Qg,)) = (0). 
First of all, note that F, is birational to P?: indeed o=x?+ 3*?+2° is uniformized by the 
substitution: 


x= 1/uP(u+v)', y= —1/Wv?(u +0), z= —1/uo%(u+v)°. 


Therefore o=H}(F,, Q,,) = H?(F,, Q,,). Now consider the Spectral Sequence of 
Composite Functors: 


Hi (Fy, (Rin) (p,)) pH" Fa 2x). 
Noting that (R°x)(Qp,) =Q,,, it follows: 


a) H} (Fy, Qp,) = (0) 
b) dot: H°(F,, (Rt) (Qp,)) > HF, Qn,) 
is I—1I, onto. 
Therefore, it suffices to show H?(F,, Qp,) = (0), or 02 p,(F,) (=dim H?— dim H?), 
Now unfortunately /,(F,)=1, since, in general, if G is a double plane with branch 
locus of order 2 m, p,(G) = (m—1)(m—2)/2 (none of the singularities of G being resolved, 
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of course) (!). To compute p,(F,), embed F, in a family of double planes F, ,, where 
the branch locus B, for Fy, is 
u(u?y? + z°+ autz). 

Now F, , have singularities over u=z=o0 of identical type for all «, hence one may 
resolve these, and obtain a family of surfaces F,,, containing F,. But since B,, for 
general a, has no singularity except u=z=o, the general F, , is non-singular. Now by 
the invariance of p, [21], ,(F,) =#,(F,,.) <dim H°(F,,,, 2) =dim (Fy, OK) 
the canonical class on F,,. But if w is the double quadratic differential (i.e. of type 
A(dx. dy)? locally) on P? with poles exactly at B,, one can readily compute (f;), where 
J. Fy. >P?; it turns out strictly negative, and as it represents 2 K, it follows 


p(B, a = dim HCE Q(K)) = 0. 


For details on the behaviour of p, of double planes, which include our result as a particular 
case, see the works of Enriques and Campedelli cited in [4], p. 203-4, and the doctoral 
thesis of M. Artin [Harvard, 1960]. 
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CHARACTERS AND COHOMOLOGY OF FINITE GROUPS 
By M. F. ATIYAH 


A N. Bourbaki pour son n° anniversaire. 


INTRODUCTION 


For any finite group G one can consider the integral cohomology ring H*(G, Z) 
and the ring R(G) of unitary characters (cf. § 6). For 1-dimensional characters there 
is a well-known isomorphism 


H2(G,Z) ~Hom (G, U(1)). 


The purpose of this paper is to establish a connection between the rings H*(G, Z) 
and R(G) which, in a certain sense, provides a generalization of the above isomorphism. 
We shall prove that there is a spectral sequence {E?} with 

Ee HAG, Z) 
EZ =R,(G)/Rp41(G), 


where R(G)=R,(G)D...9R,(G)OR,,,(G)D... isa certain filtration of R(G). This 
spectral sequence has the following additional properties. 

a) A homomorphism G->G’ induces a homomorphism of spectral sequences 
E;—E,. 

b) A monomorphism G->G’ induces a homomorphism of spectral sequences 
E,—+E/ (compatible with the transfer and induced representations). 

c) There is a product structure compatible with the products in H"(G, Z) and R(G). 

d) All the even operators d,, are zero. 

e) The filtration of R(G) is even, ie. R,,_,(G) =R,,(G). 

It follows from d) and c) that, if H(G, Z) =o for all odd q, H’(G, Z) is isomorphic 
to the graded ring of R(G). This applies notably to the Artin-Tate groups (with 
periodic cohomology). 

The filtration on R(G) has one further property, which we proceed to describe. 
Let ¢: R(G)—Z be the homomorphism obtained by assigning to each character its 
value at the identity of G, and let I(G) be the kernel of «. Then we have: 

f) The filtration topology of R(G) coincides with its I(G)-adic topology. 

In view of f) the I(G)-adic completion R(G) of R(G) plays an important role 


throughout. 
The filtration on R(G) and the spectral sequence are defined topologically, and 


the whole paper rests heavily on the fundamental results of Bott [3, 4] on the homotopy 
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of the unitary group. The basic idea may be described as follows. Associated with 
the group G there is its classifying space Bg, i.e. a space with fundamental group G 
and contractible universal covering space. The homotopy type of Bg is uniquely 
determined by G, so that homotopy invariants of Bg give rise to algebraic invariants (2) 
of G. The most obvious example is provided by the cohomology ring. Now in [1] a 
homotopy invariant ring K*(X) was introduced for a finite CW-complex X. This 
was constructed from complex vector bundles over X, the addition and multiplication 
in K*(X) being induced by the direct sum and tensor product of vector bundles. 
Although B, is not a finite complex, it is a limit of finite complexes and so (?) # Ba) 
can be defined as an inverse limit. Because a representation of G induces a vector 
bundle over Bg we have a natural ring homomorphism 
a: R(G)>4"(B,). 

The essential content of this paper is the study of the homomorphism «. The 

main result is that « induces an isomorphism 


& :R(G) >" (By), | 
where R(G) is the I(G)-adic completion of R(G) as above. This identifies the algebraic 


Ee SSS 


invariant R(G) with the homotopy invariant #*(B,). 


The spectral sequence relating H"(G, Z) and R(G) now follows from a spectral 
sequence H'(X, Z)=K’"(X) for any finite CW-complex X [1]. Actually this step 
involves an inverse limit process and has to be treated with care. : 

The spectral sequence which we have been discussing for the group G is a special 
case of a more general ‘“‘Hochschild-Serre’’ spectral sequence for a normal subgroup V 


of a group G. This has Visa a Laie R(V)), 
ive =R,(G)5/R,+:(G)s, 


where S=G/V operates on R(V) by conjugation, and 
R(G) =R,(G),9...9R,(G)gD... 


is a filtration on R(G) defined relative to S. This reduces to the previous spectral 
sequence on taking V to be the identity. 

The layout of the paper is as follows. In § 1 we discuss vector bundles and 
representations. In § 2 we summarize the theory of the ring K*(X). In § 3 we collect 
together a number of results on inverse limits and completions which will be needed 
later. Then in § 4 we extend the theory of § 2, with suitable restrictions, to infinite 
dimensional complexes. The results of § 4 are applied in § 5 to the classifying space 
of a finite group. The main result (5.1) asserts the existence of a strongly convergent 
spectral sequence re 
H'(S, 4" (By)) >” (By) 


(+) These are necessarily invariant under conjugation, since this just corresponds to a change of base point in B,- 
(?) As in [1] we use # for the inverse limit K. 
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where By is normal inG and S=G/V. At this point the topological side of the problem 
1s essentially completed, and we turn in § 6 toa study of the ring R(G) with its I(G)-adic 


_ topology. The main result of this section (6.1) asserts that the I(H)-adic topology 


of R(H) is the same as its I(G)-adic topology (for HcG). This is a most important 


property of this topology and it leads to a number of basic results for the completion R(G). 


We also identify the kernel of the homomorphism R(G) +R(G), showing that it is not 
in general zero, i.e. that the topology of R(G) is not Hausdorff, but that it is zero ifG 
is a p-group. 

In § 7 we enunciate the main theorems in a precise form. The next four sections 
are devoted to the proof of the isomorphism of &:R(G)># "(Bg). cikhe casesonen 
cyclic group G is dealt with explicitly in § 8, and the fact that & has zero kernel for 
general G is shown to follow. In § 9 we digress to establish a few simple lemmas on 
representations. In § 10 we show that & is an isomorphism for solvable groups by 
using an induction argument based on the spectral sequence of (5.1). The results 
of § 9 are needed at this stage of the proof. Finally in § 11 the main theorem is extended 
from solvable groups to general groups by using the “completion” of Brauer’s theorem [5] 
on the characters of finite groups. 

An important problem which is left outstanding is that of giving an algebraic 
description of the filtration on R(G). For cyclic groups this is solved by (8.1), and 
the case of a general group can be reduced to that of p-groups by (4.9). In § 12 we 
consider a certain algebraic filtration which has been introduced by Grothendieck. 
One may conjecture that this coincides with our filtration on R(G). In § 13 we compute 
some illustrative examples. 

This paper seems the appropriate place to point out that a representation of a 
finite group has certain cohomological invariants called Chern classes (1). In an 
appendix we summarize their formal properties and discuss their relation with our 
spectral sequence. 

This paper is based on the joint work of F. Hirzebruch and the author, and much 
of its content was in fact worked out jointly. The corresponding theory for compact 


connected Lie groups will be found in [1]. It seems likely that the results of this paper 


and those of [1] are extreme cases of a theorem valid for arbitrary compact Lie groups (2), 

On the algebraic side I am greatly indebted to J. Tate and J.-P. Serre for their 
generous help, without which this paper would not have materialized. This applies 
in particular to the important § 6. 


§ 1. Vector bundles and representations. 


For general definitions and properties of fibre bundles we refer to [2], [9] and [12]. 
We recall that if & is a principal bundle over a space X with group G, and if p: G>H 


4 is is of rse well-known to topologists. os ~~ 
ts (Added in see ). This is in fact the case. It will be dealt with in a separate publication. 


249 


26 M. F. ATIYAH 


is a homomorphism, then we have an induced principal bundle over X with group H, 
which is denoted by o(é) [2, § 6]. We shall be concerned with the case when & is the 
universal covering space of X, so that G=7,(X) is the fundamental group of X. 
Moreover we shall suppose that G is finite. For H we take the general linear 
group GL(n, C), and we shall consider this a) with the discrete topology, and b) with 
its ordinary topology. The corresponding principal bundles will be called discrete 
GL(n, C)-bundles or ordinary GL(n, C)-bundles according as we use topology a) or 
topology b). For the discrete case we have (1) [12, § 13.9]: 


Proposition (1.1). — The mapping o—>e(&) sets up a (1—1) correspondence between 
the equivalence classes of unitary representations of G of degree n and the isomorphism classes of 
discrete GL(n, C)-bundles over X. 

The purpose of (1.1) is simply to translate representations into a geometrical form. 

From any GL(n, C)-bundle (discrete or ordinary) one can form the associated 
n-dimensional complex vector bundle over X, and conversely given the vector bundle 
the principal bundle may be recovered as the bundle of n-frames. We proceed to 
translate (1.1) into terms of vector bundles. Let E be a complex representation space 
of G (or G-module). Then we may form the vector bundle E(€) over X associated 
to €. E(&) may be considered either as an ordinary vector bundle or as a discrete vector 
bundle according as E is taken with the ordinary or the discrete topeloey: Then 
from (1.1) we have. 


Proposition (1.2). — The mapping E->E(&) sets up a (1—1) correspondence between 
the isomorphism classes of complex G-modules and the isomorphism classes of discrete complex vector 
bundles over X. 


For G-modules, discrete vector bundles and ordinary vector bundles one has the 
following operations and maps. 

1) Direct sum EOF; 

2) Tensor product E@F; 

3) Exterior powers (E); 

4) Inverse image f°E; 

5) Direct image f E. 


1), 2) and 3) need no explanation (for vector bundles see [9, § 3.6]). 4) is to 
be understood as follows. If f: H+G is homomorphism of groups, and E is a G-module, 
then E is also an H-module and as such is denoted by f*E. If f: Y+X is a continuous 
map of spaces, and E is a (discrete or ordinary) vector bundle over X, then f E is the 
induced vector bundle over Y. 5) is defined when f is a monomorphism in the group 
case or a finite covering in the space case. For groups JE is the induced representation 
module, and for coverings f E is the direct image bundle, i.e. the fibre ( ( f,E), is defined 
as the direct sum ©,E, where yef—'*(x). 


(1) We suppose X satisfies the requirements of [12, § 1 3.9]. For example we could take X a finite CW-complex. 
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It is not difficult to check that 1)-5) are compatible with the mapping of (1.2) 
and also with the passage from discrete vector bundles to ordinary vector bundles. 


_ We observe only that if x,(X)=G, x,(Y) =H, a map f induces a homomorphism H-+G 


and that this is a monomorphisin if f is a finite covering. 
1)-5) have the following properties: 
a) © is commutative and associative; 
b) ® is associative and distributive over O; 
c) f° commutes with ©, ® and >; 
d) f, commutes with ©; 
e) f (E® fF) = f (E) @F. 


These follow trivially from the definitions. For representations ¢) is the so called 
reciprocity formula. 


Our main problem is to study the passage from representations p of G to the 
ordinary GL(n, C)-bundle o(€). In view of (1.1) and using the notation of [9, § 3.1], 
this means we have to study the map 


H(X, GL(n, C)) +H(X, GL(n, C),) 


where GL(n, C) denotes the constant sheaf and GL(n, C), denotes the sheaf of germs 
of continuous maps X->GL(n,C). In general this cohomology formulation of the 
problem is of no help, but when n=1, the sheaves are sheaves of abelian groups and 
the problem can be dealt with as follows. 

We have two exact sequences of sheaves, related by homomorphisms: 


exp 270 
Of Cl 


| 
Peas 
o> Z— C, —- C,>0 


where GC’ =GL(1, C). These give cohomology exact sequences (cf. [g, § 3.8]) 
->H1(X, C) > H1(X, C*) +H?(X, Z) > H?(X, C) > 


| 


+H}(X, C,) >H!(X, Cj) +H?(X, Z) >H?(X, C,) > 
Now the sheaf C, is fine and so H%(X, C,) =o (g>0) [9, § 2.11]. Hence we deduce: 


Proposition (1.3). — Let X have zero Betti numbers in dimensions 1 and 2. Then we 
have canonical isomorphisms: 
Hom(z,(X), C*) =H'(X, C’) =H1(X, Cj ay 
In (1.3) we may take X to be the 3-skeleton of the classifying space of Bg, where G 
is finite. We obtain the isomorphism 
Hom(G, C*) =H?(X, Z) 
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referred to in the introduction (with C* replacing U(1)), and which it is our purpose 
to generalize. 

The notion of discrete vector bundles was introduced in this section simply as a 
bridge between representations and ordinary vector bundles. From now on all vector 


bundles will be ordinary. 


§ 2. K*(X) for finite-dimensional X. 


We propose here to recall briefly the definition and basic properties of the functor KA 
introduced in [1]. All spaces considered in this section will be finite GW-complexes 
(cf. [13]). 

Let F(X) be the free abelian group generated by the set of all isomorphism classes 
of complex vector bundles over X. To every triple t= (E, &’, &’) of vector bundles 
with E=2’@£" weassign the element [ft] =[€]—[&’]—[€’’] of F(X), where [&] denotes 
the isomorphism class of £. The group K°(X) is defined as the quotient of F(X) by 
the subgroup generated by all the elements of the form [¢]. In this definition we allow 
a vector bundle to have different dimensions over the different connectedness components 
Ole 

The tensor product of vector bundles defines a commutative ring structure 
in K°(X); the unit 1 is given by the trivial bundle of dimension one. K°(X) is a 
contravariant functor of X. 

Let St denote the circle and let X—XxS! be the embedding given by a base 
point of St. We define K1(X) to be the kernel of the induced homomorphism 

K°(X x8!) > K°CX); 
and we put K*(X)=K°(X)@®K’‘(X). The ring structure on K°(X) extends to give a 
ring structure on K*(X), and K*(X) is again a contravariant functor. Moreover 
it is an invariant of homotopy type. A map /: YX induces a homomorphism 
K"(X)+K’(Y) which will be denoted by f'. For a point we have: 
(2.1) K°(point)=Z, K'(point) =o. 


For a connected space X the fibre dimension defines an “augmentation” 
e: K°(X)—Z. In view of (2.1) this is the restriction to K°(X) of the homomorphism 
i': K'(X)K'(point) induced by the inclusion of a point in X. Using i! we extend « 


to K"(X). If we denote the kernel of ¢ by K*(X) there is a canonical decomposition 
K"*(X) &K"*(X) OZ. 

We define a filtration on K’(X) by putting K}(X) =Ker {K*(X)>K’"(X?7})}, 
where X?~! is the (p—1)-skeleton of X. If X is connected K*(X)=K‘(X). This 
filtration is a homotopy invariant and turns K*(X) into a filtered ring, i.e. 

KiOOeK (Xx) cK Oc) 
It has moreover the following property: 
(na) K,_,(X) =K3,(X),  K},(X) =K4,, (X). 
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If f: YX isa finite covering the direct image of vector bundles (cf. § 1) induces 
a group homomorphism /,: K°(Y)+K°(X). Replacing X, Y by XxS!, YS! this 
extends to a homomorphism /,: K*(Y)->K*(X) which preserves filtration (since we 
may take Y?~'= f—*(X?~*) [13, § 4, 5]), multiplies the augmentation by the degree 
of f and satisfies the formula 
(2.3) Arf @))=AQ).%, yeK'(Y), ¥eK'(X). 


For elements of K° this formula follows at once from ¢) of §1. The general case 
can then be shown to follow (4). 

We come now to the most important property for our present purposes, the 
existence of the spectral sequence. We state this as a proposition. 


Proposition (2.4). — There is a spectral sequence {E?(X)} with E?(X) =H?(X, Z), 
E® (X) =K,(X)/K5.1(X), and with the following further properties. 

a) A map f:Y—X induces a homomorphism of spectral sequences E?(X)—-E?(Y) 
which depends only on the homotopy class of f. 

b) A finite covering f: Y—>X induces a homomorphism of spectral sequences E?(Y)—>E?(X). 

c) The cup-product in H'(X, Z) induces products in each E, (2<r<co) which for roo 
coincide with the products induced by the ring structure of K*(X). 

d) The even differentials d,, are all zero, d, is the Steenrod operation Sq*, and d,(x) =o 
for dimx<2 and all r. 


Remark. — It is understood of course that the homomorphism of a) is compatible 
with f" and f' while that of b) is compatible with f, (the direct image or trace 
for cohomology) and f,. 

In view of the last part of d) we have an isomorphism: 


(2.5) K,(X)/K3(X) =H"(X, Z). 
This isomorphism can be described directly as follows. First we observe, 
using (2.2), that K(X) /K3(X) =Ki(-X)/K3(X). 


Now by assigning to each vector bundle E over X the 1-dimensional bundle det(E) 
(ic. X"(E) if E has dimension n), and then using (1.3) we obtain a homomorphism 
(the first Chern class) 

¢,: K°(X) > H?(X, Z). 


Restricting to K°(X) we obtain the homomorphism which induces (2.5). 

Next we turn to the more general spectral sequence for a fibre bundle 7: Y>X 
with fibre F. First we define a filtration on K"(Y) relative to X by putting 

K;(Y)x = Ker {K'(Y) +K'(y?*)} 

where Y?~!=2x71(X?~"). Then we have: 

Proposition (2.6). — There is a spectral sequence {E?} with Ef—H?(X, K’(F)), 
E?, = K3(Y)x/Kp4i(¥)x, and with the following further properties. 

(1) Statements given without proof here or in [1] will be proved in a future publication with F, HrrzeBRucH. 
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a) A commutative diagram 
Y — Y’ 


| > y 
gives rise to a homomorphism of spectral sequences E,—>E,; 

b) The cup-product in H*(X, K*(F)), using the ring structure of K"(F), induces products 
in each E, (2<r<oo) which for r=co coincide with the products induced by the ring structure 
of K’(Y). 

C\rfpale i) c= 0, alld. =O. 

Remarks. — 1) Taking F to be a point and Y=X, (2.6) reduces to (2.4). 

2) K*(F) denotes the local coefficient system whose group at x is K* (x *(x)). 

3) In a) we do not insist that F=F’. 

Taking Y’=X’=X in a), with YY’ being x, we get a homomorphism of 
the spectral sequence of (2.4) into that of (2.6). Hence from (2.6) b) we deduce: 

(2.7) The E, of (2.6) are modules over the E, of (2.4). 

Applying (2.4) with X = point we get the trivial spectral sequence Z, i.e. E?=Z, 
E?=o for p>o (all r). Since the spectral sequence of 7: +x) with yeY and 
X)=(Y) €X is a direct factor of that of (2.6) we deduce: 

(2.8) Let YX be a fibre bundle with Y and F (the fibre) connected. Then the spectral 
sequence E,, of (2.6) decomposes: hos =e ®Z, where Z denotes the trivial Das sequence, 
E?=E? for p>o and E{=H"(X, K*(F)), B° =K‘(Y)x/Ki(Y)x. | 

Easy consequences of (2.4) are the following: 

(2.9) K°(X) is a finitely-generated group. 

(2.10) Let f: Y+>X be such that fH%(X, Z) is finite for all q>o and suppose X 
connected. Then f 'K"(X) is finite. 

We now make one formal application of the properties of K*(X). 

Proposition (2.11). — Let f: YX be a finite covering of degree d. Then d annihilates 
the kernel of (1) GK*(X)+GK‘(Y). If p is a prime not dividing d, then the p-primary component 
of GK"(X) is a direct factor of GK*(Y). 

Proof. — Since f, and f' preserve filtration they induce homomorphisms 9, and ¢! 
of GK", and from (2.3) we deduce 

9:(9-9(*))=9,(9).« xeGK"(X), yeGK"(Y). 
Taking y=1 we obtain 
19 (x) =9,(1) x= dx. 


The proposition follows at once from this formula. 


Remark. — This is quite analogous to the corresponding result for cohomology. 


(?) If A=A,)DA\DA_D... is a filtered group we denote by GA the graded group & ip AplAp+41- The 
component A,/ pl Ap +1 will be denoted by GPA. 
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§ 3. Inverse limits and completions. 


Let M be a filtered abelian group, i.e. we have a sequence of subgroups: 
M=M,2M,>...9M, >... 


This filtration gives M the structure of a topological group, the subgroups M,, being 


taken as a fundamental system of neighbourhoods of o in M. We denote by M (or M*) 
the completion of M for this topology, ice. 


“~ 


(3.1) M=lim M/M, (inverse limit). 


We remark that the topology of M is not necessarily Hausdorff so that the natural 
map M->M may have non-zero kernel. In fact we have: 


(3.2) Ker (MM) = nM,. 


If {,A} is an inverse system of abelian groups (indexed by the non-negative 

integers), the inverse limit A=lim,,A has a natural filtration defined by (') 

“A, =Ker{A>,_,A} 
Moreover A is complete for the topology defined by this filtration, ie. A&A. Thus 
an inverse limit is in a natural way a complete filtered group. This applies in particular 
to the group M given by (3.1). It is easy to see that the subgroups of the filtration 
may be identified with the completions M, of the subgroups M,, (for the induced 
topology). 

If M is a finite group then the filtration necessarily terminates, i. M,=—M,,, 
for all n>, and so M=M/M,,. We record this for future reference. 

Lemma (3.3). — If M 1s a finite filtered group M->M is an epimorphism. 

We also state the following elementary properties of inverse limits, the verifications 
being trivial. 

Lemma (3.4). — Let {, gA}be an inverse system indexed by pairs (a, 8)eIxJ, where I, J 
are two directed sets. Then 

lim lim «, pA =lim ,, eA=lim lim ,, eA 
a 6 (a, 8) Cee 

Lemma (3.5). — If 0>{,A}>{,B}-{,C} +0 ts an exact sequence of inverse systems 

(a belonging to some directed set), then 
o—lim cA lim 2B lim Ae 
1s exact. 

In order for lim to be right exact we need a condition. Following Dieudonné- 
Grothendieck [8] we adopt the following definition. An inverse system {,A} is said 
to satisfy the Mittag-Leffler condition (ML) if, for each a, there exists @>« such that 

Im(,A—,A) =Im(,A~—,A) 


(1) We put _,;A=o so that Ap = A. 
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for all y>8. Moreover we shall assume from now on that all inverse systems are over 
countable directed sets. The following properties of (ML) are proved in [8, chapter o 
(complements) |. 

(3.6) If {,At-{,B}so ts exact and {,A} satisfies (ML), so does { ,B}. 

(3.7) If o={,A}-{,B}-{,C}0 is exact, and if {,A} and { ,C} each satisfy (ML), 
so does { ,B}. 

(3.8) If of, A}>{ B} {Cho is exact, and if {,A} satisfies (ML), then 

o-lim ,A>lim ,B+lim ,C-+o 

ts exact. id he nae 

(3.9) Let {,C°} be an inverse system of complexes, with differentials of degree r. Suppose 
that, for each p, {,C?} and {H(,C’)} satisfy (ML), then lim H?(,0°) =H? (lim Cry 

Remark. — In [8] the differentials in (3.9) are supposed to have degree 1, but 
this does not affect the argument. 

Using (3.8) we now prove two further lemmas on completions (?). 

Lemma (3.10). — Let f:M—+N_ be a homomorphism of filtered groups. Then the 
following two statements are equivalent: 

ee :-M+N is an isomorphism of filtered groups. 

(ii) Gf: GM-+GN 1s an isomorphism (where GM denotes the graded group of M). 

Proof. — Suppose first that (ii) holds. Then M/M,=N/N,=o and from the 
diagram: 


o->M,/M, ,, > M/M,.,-> M/M,->0 


o> NUN, —> N/N,41—~ N/N, > 0 
we deduce, by induction on n, that M/M,->N/N, is an isomorphism for all n. Taking 
inverse limits we deduce (i). 

Conversely let (i) hold, then GM—+GN is an isomorphism. ‘To prove (ii) it will 
be sufficient therefore to prove that GM&GM, i.e. to prove the special case where 
N=M and f is the natural map. Now we have an exact sequence: 

o->M, +1/M,4,>M,/M, 4,>M,/M, .1>0, 
and the inverse system {M,,,,/M,,,,} (for n fixed and k-'co) satisfies (ML) trivially 
since all maps are epimorphisms. Hence by (3.8) we deduce the exact sequence: 
o>M, ,,>M,—>M,/M,,,>0, 
which proves that GM=GM as required. 


Lemma (3.11). — Let 0+M’3$M5M"+0 be an exact sequence of abelian groups. 
Let M,, be a filtration of M and define filtrations of M', M"’ by M’=a~1(M,,), M/’=8(M,). 
Then 0o->M’>+M+>M"->0 is exact. 


(1) Direct proofs are also possible. 
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Proof. — From’ the definitions of M’, M,’ it follows that 
o-> M'/M),—>M/M,>M"/M’’->o0 


is exact. Since the inverse system {M’ /M,;} satisfies (ML) the lemma follows from (3.8). 
In addition to the condition (ML) we shall require later the following: 
(F) For each « there exists 8>a so that Im(gA—,A) is finite. 
Clearly (F) implies (ML). 


Lemma (3.12). — Let o>{,A}—{,B}>{,C}+o be an exact sequence of inverse 
systems and suppose { ,B} satisfies (F). Then {A} and {,C} also satisfy (F). 


Proof. — By hypothesis there exists ®>« so that 6, = Im(,B—,B) is finite. 
Define , ,A, g ,G similarly, then we have exact sequences 


60> g, g@G—>0, O=, ate go: 
These imply that ,,C and ,,A are finite. Q.E.D. 


Lemma (3.13). — Let {,,A} satisfy (F), then lim ,A is a compact Hausdorff group. 

Proof. — Let ,B= f Im(,A>,A). Then (F) implies that ,B is finite. But, from 
the definition of vere ee lim ,A=lim ,B. Thus lim,A is an inverse limit of 
finite groups and so compact and Hausdorff (for the inverse limit topology, i.e. the 
topology induced from the direct product II,A). 


Lemma (3.14). — Let {A} be an inverse system indexed by I, and let J be a cofinal subset 
of I. Then lim,A=lim, A, and {,A}, 1 satisfies (ML) or (F)<>{,A}, <3 Satisfies (ML) 
or (F). eel aed ! 

Proof. — The isomorphism of the inverse limits is well-known and the impli- 
cation => is trivial. Suppose {,A},-, satisfies (ML), and let AcI. Since J is cofinal 
there exists aeJ, «>A. Since {,A},-, satisfies (ML) there exists BeJ, 82a so that 
Im(,A>,A) =Im (,A+,A) for all yeJ, y26. Now let wel,u~28 and (J being 
cofinal) choose yeJ,y>p. Then it follows that Im(,A+,A)=Im(,A>,A) which 
shows that {,A}, <; satisfies (ML). If{,A},<; satisfies (F) then, with the same notation, 
Im(,A—,A) is finite. This implies that Im(,A—,A) is finite, showing that { Ales 
satisfies (F). 


Noetherian Completions. 

Let A be a Noetherian ring (commutative and with identity), let a be an ideal 
in A and let M be a finitely-generated A-module. We define a filtration on M by 
M,,=a"M. The topology defined by this filtration is called the “a-adic” topology 
of M or simply the a-topology of M. This topology has a number of important properties 
which we proceed to recall (cf. [6, exp. 18]). 


Proposition (3.15). — Let M be a finitely generated A-module and let N be a sub-module 
of M. Then the topology of N induced by the a-topology of M coincides with the a-topology of N. 
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Proof. — We have the inclusion 
a"N ca"MaN. 
To prove the proposition therefore it is sufficient to show that, for each n, there exist m 
so that 


1) a"MaNca’"N. 
But by the lemma of Artin-Rees [6, exp. 2] there exists m, such that, for m> mb, 
2) a"M aN =a"—™(a™ MaN). 
Taking m=n-+m), 1) follows at once from 2). 
Proposition (3.16). — For finitely-generated A-modules, a-adic completion is an exact 
functor. 
Proof. — Let o-~M’+M->+M”-o be an exact sequence of finitely-generated 


A-modules. By (3.15) the a-topology of M’ is induced from the a-topology of M. 
Also the a-topology of M’” is induced from the a-topology of M. Hence we can 
apply (3.11) and we deduce the exact sequence o>M’+M-+M"-+0, where each 
completion is the a-adic completion. 

Let G be a finite group. M will be called an A-G-module if it is both an A-module 
(finitely-generated) and a G-module, and if the operations of A and G on M commute. 
Then the cohomology groups H‘(G, M) will be (finitely-generated) A-modules and so 
we can form their a-adic completions H’(G, M)*. On the other hand, since 
g(a(m)) =a(g(m)) for all «eA, geG,meM, it follows that the sub-modules a"M are | 
stable under G. Hence G operates on M/a"M and so on M. Then we have: 

Proposition (3.17). — Let M be an A-G-module.’ Then we have a canonical isomorphism: 

H"(G, M)*H%G, M). 

Proof. — Let A=Z[G] be the group ring of G and let {X,} be the standard 
A-free resolution of Z [7, chapter X]. By definition 
1) H*(G, M) = H*(Hom,(X,, M)). 

Now Hom,(X,, M) is, for each g, a finitely-generated A-module. Hence by (3.16) : 
2) H?(Hom,(X,, M))* =H*(Hom,(X,, M)*). 

Since X, is, for each g, a free A-module it follows that 

3) Hom, (X,,M)*=Hom,(X,, M). 

From 1), 2) and 3) the proposition follows. 


Spectral sequences. 


We propose next to consider inverse limits of spectral sequences. By a spectral 
sequence we shall understand a sequence of complexes (+) {E,},2<r<oo, with given 
isomorphisms E,,,~H(E,). We suppose that E?=o for p<o and that the 


(*) Ie. graded abelian groups with a differential (endomorphism d satisfying d?=o), 
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differential d, of Ey has degree + ‘Thus each E?, for 2<r<oo, may be identified 
with a quotient group Z?/B’, where (*) Z?, BP are subgroups of E?. These subgroups 
_are arranged as follows: 

ee SOs Bie CBP GC... Cs... CLP... CZ EP, 
We then define Be, = UB? = limB?, 


Z?, =Z? =limZ?, 
Ee = 22/8 « 


By a strongly convergent spectral sequence we shall mean a spectral sequence {E,} 
together with a complete filtered group M and isomorphisms E? =M,/M,.,. We shall 
write E,>M, and say that the spectral sequence {E,} converges strongly to M. This 
is in agreement with the terminology of [7, chapter XV, § 2]. If all the differentials d, 
are zero we shall say that the spectral sequence collapses. The following is then an 
immediate consequence of the definitions. 


Proposition (3.18). — Suppose E,=>M_ amd the spectral sequence collapses. Then 
E,>GM. 


We now prove a result on inverse limits of spectral sequences. 


Proposition (3.19). — Let {,E,,,,.M} be an inverse system of strongly convergent spectral 
sequences. Suppose further that 

a) For each p, {,F:3} satisfies (F) ; 

b) {,M} satisfies (F). 
Then {lim nE,, lim ,M} is a strongly convergent spectral sequence. 

Proof. — For each n we have the sequence of inclusions: 

(PY Os) BEG ene, BPG te Ce OCR Geet ete: 

Now hypothesis a) and (3.12) imply that {,E?}={,,Z?/,B?} satisfies (F), and so (ML). 
Hence writing E?=lim,E? and using (3.9) we see that E?,,=H?(E,), showing 
that {E,} (2<r<oo) is indeed a spectral sequence (the operators are of course defined 
as d,=lim,d’). 

Taking the inverse limit of (,.f) we get (by (3.5)) a sequence of inclusions: 
(fF) O=< BPC... CB! C...CZG-..C7, = Ey, 
where B?=lim,B?, Z?=lim,Z?. By a) and (3.12) again {,,B?} satisfies (F) ard so (ML). 
Hence by (3.8) E?~Z? BP, showing that (SY) has the same significance as before. 
Now the fact that ,E? =o for p<o and that d, has degree r imply that, for all n, ,B?,=,,B? 
for r>p+1. 


(1) This conflicts slightly with the usual notation, but should cause no confusion. 
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Hence lim ,B = B? for r2 p+ 1, 
GEA EE 
Also lim,,Z®, ==lim lim ,Z? 
n r 
~lim lim ,Z? by (3-4), 
== lim Z? 
Sle 
We now consider M=lim,M. In view of (3.5) this is filtered by subgroups 


M,=lim,M,. To complete the proof we have to show 


(i) Z2,/B,=M,/M, +15 


P 

(ii) M=lim M/M,. 

Now {,B2,} satisfies (F) ((a) and (3.12)), and {,M, , ;} satisfies (F)) (6) and (3.12)). 
Hence, by (3.8), (i) follows from the corresponding isomorphisms ,(i) and the iso- 
morphisms B?—lim,B?2, Z2,=lim,Z2, established above. Similarly (ii) follows 
from ,(ii), using (3.8) and (3.4). 


§ 4. “*(X) for infinite-dimensional X. 


In this section we shall extend the definition and properties of K*(X), as given 
in § 2, to CW-complexes X all of whose skeletons are finite (1). Throughout this section 
a CW-complex will always mean one with this property. We define 

Ae (Xlink eee). 
where X” is the n-skeleton of X. Then, as remarked in § 3, #"(X) is in a natural way 
a complete filtered group, the filtration being defined by 
A(X) = Ker{4"(X) >K"(X?—*)} 
Slim K,(X") (by (3-5)). 

The products in K*(X”) induce products in #*(X), so that #“(X) becomes a 
filtered ring. Also, for connected X, #“(X) has an augmentation « and a direct (group) 
decomposition %*(X) =4#"(X) ®Z. 


Lemma (4.1). — Let f: YX be a continuous map, X, Y being CW-complexes. Let 
»A=K'(X"), ,B=K'(Y"), ,A’=Im(,,,A>,A), ,B’=Im(,,,B—,B). Then f induces a 
homomorphism ,,f':,A'—>,B’ which depends only on the homotopy class of f. 

Proof. — Let g, h be any two cellular maps homotopic to f. Then there exists a 
cellular homotopy ® between g and h. Hence we have maps g, : Y°>X", h, : Y°>X" 
and 1,0g,~1,0h, where 7,:X"->X"*! is the inclusion. This implies that g!o7! = hoi! 


(1) This restriction is not essential, but it covers the cases we are interested in, 
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these being homomorphisms ,,,,A->,B. Thus 8, and h, induce the same homomorphism 
»A’—>,B’ and this is the required , f! depending only on the homotopy class of f. 


Lemma (4.2). — In the notation of (4.1) suppose f 1s a homotopy equivalence. Then, f' 
71$ an isomorphism. 


Proof. — This follows at once from (4.1). 

Lemma (4.3). — 4#°(X) is an invariant of homotopy type (as a filtered ring). 

Proof. — This follows from (4.2) and the fact that lim,A@lim,A’ (as filtered 
rings). Ve. aoa 

Note. — The above results apply equally to H 0.67 

Lemma (4.4). — Let X and Y be connected CW-complexes of the same homotopy type, 
and put ,A=K*(X"), ,B=K*(Y"), ,AA=K*(X") ,B=R‘(Y"). Then 

(i) {,A} satisfies (ML) <> {,B} satisfies (ML), 
(ii) {A} satisfies (F) <> ES satisfies (F). 
Proof. — This follows from (4.2) and the following facts: 
{,A} satisfies (ML) <> {,,A’} satisfies (ML) 
{A} satisfies (F) <> ore satisfies (F), 
where we adopt the notation of (4.1). 

In view of (4.4) we may say that #*(X) satisfies (ML) or that KH *(X) satisfies (F), 
meaning that, for some cellular structure {K*(X")} satisfies (ML) or that {K"(X")} 
satisfies (F). 

Lemma (4.5). — Let X be a connected CW-complex, and let {T"} be an increasing sequence 
of finite connected sub-complexes of X with OTs =X. Lhen, 


(i) lim K*(I") =#"(&), 
(ii) {K*(T")} satisfies (ML) <> %*(X) satisfies (ML), 
(iii) {K'(T")} satisfies (F) <> X"(X) satisfies (F). 


Proof. — Let I be the directed set of all finite connected sub-complexes of X. 
Then the sets {X"}, {T"} (n>1) (X” being as before the n-skeleton) are confinal in I. 
The lemma now follows from (3.14). 

Lemma (4.6). — Let X be a connected CW-complex with H"(X, Z) finite for all q>o0. 
Then #°*(X) satisfies (F). 

Proof. — The hypotheses on X imply that Inf HX Z) ee Z)} is 
finite for all g>o. Hence, by (2.10), Im {Rexet)) = Kexr)} is finite, and so #*(X) 


satisfies (F). 
Let G be a finite group. Then its classifying space Bg may be taken as a 
(connected) CW-complex (with finite skeletons) [10]. The homotopy type of Bg is 
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uniquely determined by G and hence, by (4.3), # (Bg) is a filtered ring depending 
only on G. Moreover, since an inner automorphism of G induces a map Bg—Bg, 
homotopic to the identity on each finite skeleton [12, § 13.9], it follows that #“(Bg) 
is invariant under inner automorphisms of G. For a direct definition of #*(B,) by 
means of universal operations on G-bundles, and for a direct proof of the invariance 
under inner automorphisms, see [1, § 4.6]. Since the cohomology groups H‘(B,, Z) 
are finite for g>o we deduce, from (4.6). 

Corollary (4.7). — Let G be a finite group. Then K* (Bg) satisfies (F). 

Suppose f:Y->X is a finite covering, X being a CW-complex. Then Y is a 
CW-complex and the n-skeletons Y” of Y are simply the inverse images f ~4(X*) of the 
n-skeletons of X [13, § 4.5]. Thus / is the limit of maps f,: Y">X" of finite GW- 
complexes. It follows that the homomorphism /, of § 2 extends to the present infinite- 
dimensional complexes. Moreover the extended f, will have all the formal properties 
described in § 2. In particular (2.11) applies. Taking X=Bg and Y the universal 
covering of X we deduce: 


Proposition (4.8). — G#"(B,) is annthilated by the order of G. 
Taking X=B, and Y=B,, where H is a p-Sylow subgroup of G, we deduce: 


Proposition (4.9). — The p-primary component of G4" (Bg) ts a direct factor of GX” (By), 
where H is a p-Sylow subgroup of G. 


Remark. — Both these propositions are analogous to the corresponding results 
for cohomology. 


Proposition (4.10). — For each prime p dividing the order of G let G, be a p-Sylow subgroup 
of G. Then (Bg) > 24"(B (By,) 8 a monomorphism. 


Proof. — See eee xeKer {%" (Bq) > 4°(B Gp) for all p, «0. Since 7% (B,) 
is a complete filtered group it is a tae Rae $0 x+0 implies that there exists an 
integer n so that xe%7 (Bg), x¢4,,,,(B,). But then x would define an element of 
G"%"(B,) giving zero in each G".%"(B Gp)* In view of (4.8) and (4.9) this is a contra- 
diction, and so the proposition is proved. 

The problem of generalizing the spectral sequences (2.4) and (2.6) to infinite- 
dimensional complexes presents serious difficulties (espectally (2.6)). We shall not 
attempt this problem in general but in the next section we deal with the case of classifying 
spaces of finite groups. 


§ 5. The spectral sequence of a normal subgroup. 


Let G be a finite group, V a normal subgroup and put S=G/V. Let Bg, Bg 
be the classifying spaces of G, S, and let E,>B,, E,->B, be the universal bundles (es 
the universal coverings). Then we have a factorization (cf. [g, Satz 3. 44]) 

E,g>By—>B, 


262 


CHARACTERS AND COHOMOLOGY OF FINITE GROUPS 39 


where By=E,/V isa classifying space for V, and B,—B, is the bundle associated to 
the universal bundle with fibre S. Since V is normal By—+B, is moreover a principal 
S-bundle. 

An element geG definesa map E,>E, given by x—xg. Since V is normal 
we have xgV=xVg and so g induces a map 0, : By>By. On the other hand g induces 
an automorphism v->g~'vg of V and hence a weak (2) homotopy class of maps B,—By. 
It is easy to check from the definitions that ), is a representative map of this class. 
Moreover 0, depends only on the coset s=gV and it describes the way in which s operates 
on the principal S-bundle By. 

For simplicity put X=B,g, Y=B,, A=By, B=E,. Let X”, Y” be the n-skeletons 
of X, Y and let A", B” be their inverse images in A, B. As already observed in § 4, 
A", B" are the n-skeletons of a CW-structure on A, B. Moreover these CW-structures 
are invariant under the operation of S [13, § 4.5]. Hence Z=(AXB)/S_ will have 
an induced CW-structure and Z"=(A" xB")/S_ will be a finite sub-complex, connected 
for n>1. Now we have two fibrations 

Z 
BY NON 
x \ 
x y 
which are the limits, under inclusion, of the fibrations 
Whe 
BY / \ an 
P eas 
ee ye 
Since B=Eg, is contractible it follows that Z—X is a homotopy equivalence. Hence, 
by (4.3), we have #*(Z)=#"(B,). Since Z = UZ.” it follows from (4.4), (4-5) and (4.7) 
that {%*(Z")} satisfies (F). . | 
From the fibrations Z"->Y" we obtain, by (2.6), a spectral sequence {,,E,} with 
ane aoa HP YS, K’"(A")) 
Ee 2K oe 
Here K*(A”) is the local coefficient system associated to the operation of 
n,(Y")=27n,(Y) SS (n22) 
on A" defined by the fibration A">X”, and (?) K,(Z") is the filtration on K*(Z") induced 
from Y". By (2.8) we can decompose ,E,=,E,OZ where Z is the trivial spectral 
sequence, LEP === pie for pro and = 
nea = je ibe K"(A")), 
ES, = Kq(Z")/[Ky(Z"). 
kel : 
2 ees ae 
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Since Z” is a finite CW- -complex there is no convergence problem for {,E A as 1-00 
(n fixed). Hence E,; K*(Z") )} is an inverse system of strongly convergent spectral 
sequences in the sense of § 3. We wish to apply (3.19). Now condition 4) of (3.19) 
has already been verified so it remains to consider a). 

Since A” is a finite CW-complex, K"(A") is a finitely-generated group (2.9). 
Hence EP is finitely-generated. But, for n>p, we have: 

(E} ~H’(Y, K’(A")) = H*(S, K"(A")), 
since) <= Be) Lience LE? for n>p>o, is annihilated by the order of S and so is finite. 
Thus, for p>o, {, BB} satisfies (F). For p=o and n>o we have: 
FE? — HS, K*(A")) = K*(A")§ (the invariants). 


By (4.7) we know that {K*(A")} satisfies (F) (since A=By) and so, by (3.12) , {K(A ast 
also satisfies (F). 

Conditions a) and 5) of Oe 19) therefore hold, and so we obtain a strongly 
convergent spectral sequence {lim,, E, KUL Z)\. Adding the trivial spectral sequence Z 
does not affect the convergence e and gives ae HS, KA) 7 
Now 

H?(S, K’(A")) = H?(Hom,(L,, K’(A"))) 
where A=Z[S] and L, is the standard A-free resolution of Z [7, chapter X]. Since 
{K*(A")} satisfies (F), {K"(A")} satisfies (ML) and so for each p {Hom,(L,, K’(A”)) } 
satisfies (ML). Moreover as already observed {H?(S, K"(A"))} satisfies (F) for p>o, and 
{H°(S, K*(A”))} satisfies (F). Hence for all p {H?(S, K*(A"))} satisfies (ML) (adding Z 
for p=o0). Hence ('), by (3.9), 
lim H°(S, K°(A")) =H(S, 2¢°(A)). 

Since %#“(A)=4#"(By) and £“(Z)=#"(B,) we have established the following 
theorem. 

Theorem (5.1). — Let G be a finite group, V a normal subgroup and S=G/V. Then 
KH” (Bg) has a filtration defined relative to S (denoted by a subscript S), and we have a strongly 
convergent spectral sequence: HS .2" (By) 7 aes 

Either by taking S=G in (5.1) or more directly by repeating the proof and 
using (2.4) instead of (2.6) we obtain | 

Theorem (5.2). — Let G be a finite group. Then there is a strongly convergent spectral 
sequence: HG, Z) > (8... 

All the properties of the spectral sequences (2.6) and (2.4) go over to (5.1) 


and (5.2). In particular this applies to the product structures and to the conditions 
under which d,,=0. 


(*) This could have been incorporated in the proof of (3.19) by starting the spectral sequence with E,. 


264 


CHARACTERS AND COHOMOLOGY OF FINITE GROUPS 41 
In (5.1) #°(By) is an S-module, the operation being induced by conjugation as 
explained earlier (see [1, § 4.6] for a direct definition of this operation), 
The filtrations of (5.1) and (5.2) are such that A (Bg) sC-%,(Bg). Thus the 
“S-topology” of 4" (Bg) is finer than the “G-topology”. — 
A notable case of (5.2) is the following: 


Corollary (5.3). — If HG, Z)=o for all odd q, then H*(G, Z)=GX"(B,) (as 
graded rings). 


Proof. — The hypothesis and d) of (2.4) imply that d,=o for allr. The corollary 
then follows from (3.18). 

A similar result holds for (5.1). 

Corollary (5.4). — If in (5.1) HS, #*(By)) =o for all odd q, and (By) =o, 
then H'(S, #“(By)) =GH" (Bg), (as graded rings). 

Proof. — This follows from c) of (2.6) and (3.18). 


§ 6. The representation ring R(G). 


Let G be a finite group. We denote by R(G) the free abelian group generated 
by the equivalence classes of irreducible complex (or unitary) representations of G. 
Thus, if &, ...,&, are the (classes of) irreducible representations of G, every element 
of R(G) can be written uniquely as 


Die o> eee, reZ. 
poe 


The (classes of) representations of G correspond to the “positive” elements of R(G), 
i.e. those with r,>0 for all ¢ (but not all r,=0). 

The tensor product makes R(G) into a ring. We shall call this the representation 
ring of G — it is isomorphic to the character ring of G. In this section we shall identity 
these two rings. 

We define an augmentation ¢:R(G)>Z by ¢(&)=dim&,, and we denote 
by I(G) the kernel of «. We shall consider R(G) with the I(G)-adic (or augmentation) 
topology, and its completion R(G) in this topology. The main result of this section 
will be 

Theorem (6.1). — Let H be a subgroup of G. Then the I(H)-adic topology of R(H) 
is the same as its 1(G)-adic topology (R(H) being viewed as R(G)-module via the restriction 
homomorphism R(G)—R(H)). 

Let G have order g. Let y,,.--,x, be the characters Of Eiois 5 Cee 


R(G) = 2 Lys : 
Let 0=exp(27i/h) where f is a multiple of g, and put A=Z[6], so that- 
ey Ay Ae ee Aa hae (o the Euler function). 
Define R,(G) =R(G)®,A= LAY; : 
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Now a character is a (class) function on G and its values are in A, being sums of eigen- 
values 6” of unitary representations of period dividing g. Hence we may regard R,(G) 
as a subring of the ring (4) A® of all A-valued functions on G. 

Lemma (6.2). — (i) Every prime ideal of Ry(G) is the restriction of a prime ideal of A®. 

(ii) Every prime ideal of R(G) is the restriction of a prime ideal of Ry(G). 

Proof. — A® is a finitely-generated Z-module. In fact if, for each SeG, we 


let e, denote the function taking the value 1 on S and o elsewhere, then 
(ht) 4 


AG => OS Zhe 


+ sSeEeG v=0 
Z is imbedded in R(G) by the trivial representation, in A® by the constant integer valued 
functions. Since we have inclusions 
ZcR(G) cR,(G) cA%, 

it follows that 

a) A®% is a finitely-generated R,(G)-module; 

b) R,(G) is a finitely-generated R(G)-module. 

By the theorem of Cohen-Seidenberg [14, p. 257, Th. 3] a) and b) imply (i) 
and (ii) respectively. 


We may remark, at this point, that all the rings occurring here are BERNE © 
generated Z-modules and so certainly Noetherian. 

The prime ideals in A% are easy to describe, because A® is just a sum of g copies 
of A. If SeG and p is a prime ideal of A, then the set of functions p~eA® such that 
~(S)ep is a prime ideal of A%, and every prime ideal of A® is of this type. We denote 
the restriction of this prime ideal to Ry(G) by P,.,. Thus 

Py.s ={xERa(G) |x(S) Ep}. 
By (6.2) (i) we know that every prime ideal of R,(G) is of this form for some p and 
some S. . 

If p+(o) then pnZ=pZ for some prime p+o of Z, p is a maximal ideal of A 
and A/p is a finite field of characteristic p. We then define S, by the decomposition 
S=S,.B, where S, and B are powers of S, S,, has order prime to p and B has order a 
power of p. If p=(0o) we define S,—S. S, is called the p-regular factor of S. 


Lemma (6.3). — P, s> Py, of and only if (i) pd p’ and (ii) S, and S,, are conjugate in G. 


Proof. — Suppose first that (i) and (ii) hold. To prove that Py g2 Py g it will 
be sufficient to show that, for any p, S and yeR,(G) we have 


Loy =Vi(5,) mod p. 


This is trivial if p=(0), so we may suppose pnZ=—fZ, p+o. Restricting y to the 
cyclic subgroup generated by S we see that it is sufficient to deal with the case where G 


(1) Elsewhere this notation is used for the invariants, but there should be no confusion. 
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is cyclic and generated by S. Also we may suppose x is irreducible, hence one-dimen- 
sional, hence multiplicative: ¥(5;S.).= x(S,) .¢S,). 


Let f,:A—-A/p be the canonical homomorphism. Then from S=S,.B we obtain 
Fy(X(S)) =So(x(S,)) fo(x(B)). 
Since B?’=1 for some v, we have (fo(x(B)))?"=1 for some v. But A/p is a finite field 
of characteristic p, hence J,(x(B))=1, and this completes the proof, 
Conversely suppose P, .>P,.5,. Then 
p=P,g0Ad Py gnA=p’. 
Suppose first that p+(0). Then according to (!) [5, Lemma 3] there exists eR, (G) 
such that 
(i) y has values in Z; 
(ii) y(T) =o if T, is not conjugate to S,; 
(iii) 4(T)==1 (mod fp) if T, is conjugate to S,,. 
If S, and S, were not conjugate we would have neP,, s but n¢P,,. This gives 
a contradiction and so S, and Sj, are conjugate. If p=(o) and S and S’ are not 
conjugate, then as is well-known there exists yeR(G) with »(S’) =o, n(S)+0, which 
gives a contradiction also in this case. 


This lemma leads at once to the following description of the “scheme” of the 
prime ideals of R,(G). 


Proposition (6.4). — The prime ideals of Ry(G) are all of the form P, 5. Two such 
ideals P,, 5 and P,,. x coincide tf and only if p = p' and, and S,, are conjugateinG. If p=(0), Py sg 
is a minimal prime ideal, while if p+(0) Py, g ts a@ maximal prime ideal. The maximal prime 
ideals containing P,. are the ideals P,. with p+(0). The minimal prime ideals contained 


in P, 5(p+(0)) are the Py s, with S, conjugate to S,. 


Lemma (*) (6.5). — Poi=A-1(G). ; 
Proof. — Trivially A.I1(G)cP,,. On the other hand let yeP,, and write 
o(h)—1 
L= 2 Wy? 
v=0 


with y,eR(G). Then y(1)=2y,(1).0"=0, with y,(1)eZ. This implies y,(1)=o 
for all vy and y,eI(G), ic. yeA.1(G). 

Now let H be a subgroup of G. To distinguish we shall write P, ,(G) instead 
OGrag. Let. ,(G)—>R,(H) be the restriction homomorphism. 


Lemma (6.6). — Suppose pe *(P,,s(H)) = P»1(G)- Then P, (H) =P,,,(H). 


Proof. — Since SeH, e *(P, s(H)) =P,,s(G). Hence P,, §(G) = Py s(G), and 
so by (6.4) p=p’ and S, is conjugate in G to 1,=1. Hence S,=1 and so S, is 


(1) This lemma is the main step in the proof of Brauer’s theorem given in [5]. Brauer’s theorem itself will 


be needed in § 11. , 
(2) We denote the identity of G by 1. 
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conjugate to 1,in H. Hence by (6.4) applied to H we conclude that P, ,(H) =P, ,(H) 
as required. 


Lemma (6.7). — The prime ideals of R(H) which contain eI(G) are the same as those 
which contain I(H). 


Proof. — Trivially eI(G)cI(H). Hence we must show that, if P, is a prime ideal 
of R(H) which contains e1(G), then P,>1(H). By (6.2) (ii) applied to H there exists p, S 
so that P,=R(H)nP,,(H). Then eI(G) cP, implies pI(G) cP, s(H). Hence by (6.5) 
pP, 1 (G) =e(A.1(G)) cA -pl(G)icP, aH) and so 

Py1(G) Ce~*(P,,3(H)). 


By (6.4) this implies p~*(P,(H))=P,.,(G) and so by (6.6) P,.(H)=P 
Hence I(H)cP,,(H), and therefore I(H)cR(H)nP,.(H)=P,. Q.E.D. 

Theorem (6.1) follows at once from (6.7) and the fact that, in a Noetherian 
ring, the a-adic topology is the same as the a’-adic topology where a’ is the radical of a 
(i.e. the intersection of all the prime ideals containing a). For the proof of this statement 
see | t1, p. 44, Lh? 1 and p22, Propu.s|: 


i(H). 


Pp’, 


Lemma (6.8). — Let B be a Noetherian ring with no (non-zero) nilpotent elements. Let b 
be a prime ideal of B, and let p,, ..., P, be the minimal prime ideals of B numbered so that 


for 1<i<m b+ p,;+B and 
for 1>m b+p,=B. 
Then Woe =pa0,02. 10 


n=1 


Proof. — In any Noetherian ring we have [11, p. 14, Th. 1] 
k 
w=] Pir 
t=1 


where ¥t is the ideal of nilpotent elements and the p; are the minimal prime ideals. 
With the hypothesis of the lemma we have Jt=(o). Thus p,, ..., p, are the primary 
components of (0) and the lemma now follows from [14, p. 218 Corollary]. 

We observe that the condition b+ p;+B in (6.8) is equivalent to: there exists 
a maximal prime ideal q with b+p,;cq. If b+ p,+B we take q to be a maximal 
ideal containing b+ p; and recall that a maximal ideal is necessarily prime. 

We now apply (6.8) with R,(G) for B and P,, for b. From (6.4) it follows that 
the maximal prime ideals containing P,, are the P,,(p+(0)), and that the minimal 
prime ideals contained in P,,, are the Pos with S, conjugate to I,=1, le. S’ of order a 
power of p. Hence (6.8), together with (6.5), gives 


Lemma (6.9). — (A (A.1(G))"={xeRy(G) |x(S) =0 for all SeG having prime 
power order. % 
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45 
Suppose now that J is any ideal of R(G). Then A.J is the ideal of R,(G) consisting 
@(h) —1 
of elements of the form PS A hej 
: v=0 7 ; i 
Since the 6” form a free basis for R,(G) over R(G) it follows that Ad AR(G) =J Taking 
J=1(G)", and observing that A.1(G)"= (A.I(G))", we deduce from (6.9): 


Proposition (6.10), — A 1G)" ={yeR(G)|x(S) =o forall SeG having prime power 
order. re 
(6.10) and (3.2) together imply 
Proposition (6.11). — If G is a p-group then R(G) +R(G) 1s a@ monomorphism. 
In general, for each prime p dividing the order of G, let G, be a p-Sylow subgroup 
of G. Then we have a restriction homomorphism 
R(G)+2R(G,). 
Pp 
Proposition (6.12). — The kernels of the two homomorphisms 
R(G)+>R(G) and R(G)>2RG,) 
coincide. / 


Proof. — Denote the homomorphisms by «, 8 respectively. In (6.10) Ker « is 
explicitly determined and from this it is immediate that KeracKer®. Conversely 
suppose y¢R(G) is in Ker8. Then y(S)=o for SeG,. But every element of G of 
order p is conjugate to an element S of G,. Hence y(S)=o for all S of prime power 
order, i.e. yeKer a. 

Next we shall examine the quotients I(G)”"/I(G)”*". 

Proposition (6.13). — Let g be the order of G, and let n>o. Then I(G)"/I(G)"** is a 
finite group annihilated by g. 

Proof. — Since R(G) is a finitely-generated group the same is true of I(G)"/I(G)" a 
Hence it will be sufficient to show that g.I(G)"cI(G)"** for n>o. 

For any subgroup H of G we have the two homomorphisms: 

? : R(G)>R(HA) (restriction) 

te: R(H) > RiG} (induced representation), 
and the formula ((e) of § 1) 

i_(i"(a) 8) =«.7,(8) aeR(G), BER(H). 
In particular we may take H=1, and apply the formula with «eI(G)" (n>o) and 
@—=1. Then 7(«)=o and so we deduce a.i(1)=o0. Nowz7,(1) has augmentation g 
(in fact 7,(1) is the regular representation of G), and so g—i,(1)eI(G). Hence 
| go = (g—i,(1)).ael(G)"™, 

which completes the proof. 

Remark. — This proof is formally similar to that of (4.8) or to the corres- 
ponding result for cohomology. 
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§ 7, Statement of the main theorems. 

Let G be a finite group, & a principal G-bundle over a finite CW-complex X. 
Then, as observed in § 1, each complex representation g of G defines a complex vector 
bundle o(£) over X. Because of properties (1)-(5) of § 1 this extends to a ring homo- 
morphism R(G)-+K°(X), compatible with inverse images, direct images and exterior 
powers. If X is an infinite dimensional CW-complex with finite skeletons X*, then 
the homomorphisms R(G)->K°(X") are compatible with each other and so define a 
homomorphism R(G)->#°(X) =lim K°(X"). In particular, taking X=B, and € 
the universal G-bundle we obtain a homomorphism 

a: R(G)> 4% °(B,). 
Following « by the inclusion of #°(B,) in %*(Bg) we obtain a homomorphism, which 
we still denote by « 
o> R(G) Sz (B,). 
« is a ring homomorphism and commutes with inverse images, direct images (for 4 G); 
exterior powers and augmentation (cf. § 4 and § 6). 

If pe1(G) then a(p)eX*(B,) =0%(By) (by (2.2)), and so 
(7.1) «(I(G)") c.#5,(Bg)- 

Thus « is continuous, R(G) having the I(G)-adic topology, and %"(Bg) having the 
filtration (or inverse limit) topology. Hence « induces a homomorphism & of the 
completions. Since %"(Bg) is an inverse limit and hence complete (§ 3), it follows 
that & is a homomorphism: 

a@ : R(G)>4"(B,). 

Our main theorem is then: 

Theorem (7.2). — «:R(G R(G) > 2%" (Bg) ts @ topological isomorphism. 

Obvious corollaries are: 

Corollary (7.3). — #*(Bg) =o. 

Corollary (7.4). — #°(Bg) has no elements of finite order. 

Corollary (7.5). — The topology on R(G) induced by « from the filtration on 4*(Bg) 
coincides with the I(G)-adtc topology. 

Combining (7.2) with (5.2) we obtain 

Theorem (7.6). — Let G be a finite group, then R(G) has a filtration for which there is a 
strongly convergent spectral sequence 

H'(G, Z)>R(G). 

This is the ‘Spectral sequence referred to in the introduction, bearing in mind 
that GR(G) = GR(G) ) (3-10). Properties a)-d) of the introduction follow from a)-d) 
of (2.4). Property ¢) follows from (2.2). 

From (2.5), and the fact that the mapping p—e() commutes with exterior 
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powers ((3) of § 1) and so in’ particular with the determinant Operation “det”, we 
deduce: 
Proposition (7.7). — The 2-dimensional part of (7.6) gives an isomorphism 
R,(G)/Ry(G) = HG, Z). 
This isomorphism is induced by the mapping p—e(o)—->detp, followed by the tsomorphism 
Hom(G, C*) = H°(G, Z) of (1.3). 
Combining (7.2) with (5.1) we obtain the following generalization of (7.6): 
Theorem (7.8). — Let G be a finite group, V a normal subgroup, S= G/V. Then R(G) 


has a filtration defined relative to S (denoted by a subscript S) for which there is a strongly convergent 
spectral sequence: 


aS ate eS 


HS, R(W))=Ri(G),. 

Here R(V) ts an S-module, the operation of S being induced by conjugation in G. This spectral 
sequence is contravariant in (V, G, S), has products and is such that all d,,=o. 

The extra properties of the spectral sequence in (7.8) follow as before from (2.6). 

Lemma (7.9). — To prove (7.2) tt is sufficient to prove 

(1) & 2s a@ monomorphism; 

(ii) aR(G) ts dense in X*(Bg). 

Proof. — We decompose 

R(G) =ZOI(G), BAB) = LOX (Ba: 

Then « and & decompose accordingly. Consider then 
1) eae ai 
Now T(G) is an inverse limit of finite groups (6.13) and so is a compact Hausdorff 
group. The same applies to ok *(Bg); by (4-7) and (3.13). Hence «(I(G)) is closed 
in # *(B,). Now (ii) implies that &(I(G)) is dense in %"(Bg) and so 1) must | be an 
epimorphism. Together with (i) this proves 1) is an isomorphism. Since I(G) and 
x *(B,) are compact Hausdorff groups any continuous isomorphism between them must 


be a homeomorphism. The same is then true for #:R(G)># “(Bale 


§ 8. Cyclic Groups. 
In this section we shall prove (7.2) for cyclic groups and then derive (i) of (7.9) 


for general finite groups. | 
Let G be a cyclic group of order n, and let 9 the representation which maps a 


pejeiatce of G to exp 2%t Then from (1.3) it follows that p corresponds to a generator x 
n 


of H2(G, Z). Now it is well-known [7, p. 251] that . . 
: au Z) =Z[x], where nx =o, Z[x] denoting the graded ring of polynomials 
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in x. In particular there is no odd-dimensional cohomology and so, from (5.3) we 
have an isomorphism 
2) H*(G, Z) = GH" (Bg). 
Now R(G)=Z[e] where p"=1. Ifwe put c=p—1, then R(G)=Z[o] where 
(1 46)"=1, and 1(G). issthe ideal (c)) Since 
o=(1+6)"—1=n6 mod o?, 
it follows that, for k>o, 1(G)*/I(G)**! is cyclic of order n generated by the class of o”. 
If we filter R(G) by defining R,,(G) =R,,_,(G) =I(G)" it follows that we have 
3) GR(G) =Z[e] where no=o, and @ is the residue class of o mod I(G)?. 
Consider now the homomorphism 
a : R(G)-+ 0" (By). 
It is a homomorphism of filtered rings, and so induces a homomorphism of graded rings: 
Ga : GR(G) >G4"(B,). 
If we identify G#"(Bg) with H"(G, Z) by 2) we find, from (2.5), that 
Golo) —¢.0(0) =<. 
Hence from 1) and 3) Ge is an isomorphism. From (3.10) we deduce: 
Proposition (8.1). — Let G be a cyclic group and filter R(G) by putting 
Ro,—1(G) = Ro,(G) = I(G). 
Then R(G) has an induced filtration, and &:R(G)+>#"(Bg) is an isomorphism of filtered 
groups. 
This is, for cyclic groups, a more precise result than (7.2). 
We proceed now to prove (1) of (7.9). 
Lemma (8.2). — Let G be a finite group, {G,} the family of all cyclic subgroups of G. 
Then R(G)>2R(G,) (given by the restriction) is a monomorphism. 
Proof. — If peR(G) gives zero in each G,, then y,|G,=0, where y, is the 
character of ep. Since G=UG,, this implies y, =o and so y=o. 
Lemma (8.3). — With the same notation as (8.2) 
R(G)+ER(G,)* 
is a monomorphism (where each completion is with respect to the augmentation ideal of the corres- 
ponding group). 
Proof. — By (8.2) we have an exact sequence 
0->+R(G)>3R(G,). 
By (6.1) the I(G,)-topology of R(G,) is the same as the I(G)-topology. Hence 
regarding R(G) and >R(G,) as R(G)-modules, and completing with respect to the 
1(G)-topology, we get (by (3.16)) an exact sequence: 
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o-+R(G)— (2R(G,))*. 
But (=R(G,)) “=2R(G,)*, and so the lemma is proved. 


Proposition (8.4). — For any finite group G 
& : R(G) > #*(B,) 


is @ monomorphism. 


Proof. — Let {G,} be the family of all cyclic subgroups of G. Then we have a 


commutative diagram 
PS ae 6 


R(G) —> 2R(G,)* 


G 
iw (Be > 2" (Bg,)- 


Ker 0=o (8.3) and 9 is an isomorphism (8.1). Hence Ker =o as required. 


§ 9. Some lemmas on representations. 


Let V be normal in G, S=G/V. Let N be an irreducible G-module (complex 
representation space), MCN anirreducible V-module. Then > gM CN and is invariant 
g€ 


under G, hence 2 sM=N. Now each gM is an irreducible V-module. Hence we 
g 


can find a subset g,, ...,g,, of elements of G such that 


N => gM as direct sum. 


To see this consider a maximal subspace of N of the form 2 g,M (direct sum). If this 
i= 


™ 


is different from N, then some further gM exists which is not contained in 2 g,M; since gM 
{= 


is irreducible gMn> gM= 0, and so 2 gM is not maximal. 


Let p, o be respectively the isomorphism classes of N (as G-module) and M (as 
V-module). Then if 7°: R(G)+R(V) is the restriction homomorphism, we have 


(1) i(e) = >, 5(0), 
where s,=g>'V. We have just to recall that S operates on R(V), and this operation 
is such that s(c) is the class of gM if s=g'V. In detail, if s=hV a representative 
V-module for s(c) is given by defining a new V-module structure on M as follows 
v[x] =hoh-*.x, xeM. 

Hence x->h-!.x defines an isomorphism of this new V-module structure on M with 
the original V-module structure on /~’M. 

Now S operates trivially on R(G) and soz “(e) must be invariant under S. But 
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by (1) every irreducible component of i*(9) is of the form s(c) for some seS. Hence 
we must have i’(e)=n(2o,), where {o,} is the complete set of (distinct) conjugates 
of o (i.e. the “orbit” coin We state this as a lemma. 
Lemma (9.1). — Let V be normal in G, p an irreducible representation of G. Then 
i*(e) =n¥o;, 
where {o;' is a complete set of conjugate irreducible representations of V. 
Lemma (9.2). — Let V be normal in G with G[V=S. Let o be an irreducible repre- 
sentation of V, S, the stabilizer of o in S. Let 
i(o) = > my Px 


be the decomposition of i,(o) (the induced representation) into irreducible representations e, of G. 


Then DH Nie Ss) 
Proof. — From 1,(c) =Xm,¢, we have 
(2) (S : 1).dim o= Xm, dim 9,. 


By Frobenius’s theorem and (9.1) we have 7'(9,) =m,(Zo,), where {o,}is the complete 
set of conjugates of c. Hence 
(3) dim,.o,==(S <5.) ‘m,-dum-e. 
From (2) and (3) we deduce 
(S31) == (S #5.) Sm, 
and so (S40 oom. 

Lemma (9.3). — Let V be normal in G with G/V=S. Let o be an irreducible repre- 
sentation of V with stabilizer S,, and let {o,;} be the complete set of conjugates of o. Suppose 
that (S,: 1) ts square-free. Then 

Xo,e7 R(G). 

Proof. — From (9.2) we have Xmj=(S,:1). Since (S,:1) is square-free this 
implies that the m, have no common factor. Hence there exist integers a, such that 
d,m,—=1. Hence 

i (Za,0,) = (Za,m,) (Zo,) = Xo;. 

Lemma (9.4). — Let V be normal in G with G[V=S. Suppose that (S: 1) is square- 
free. Then R(V)§=7R(G), 
where R(V)* denotes the invariants of S. 


Proof. — We have already remarked that 7*R(G) CR(V)§. Nowa Z-basis for R(V)§ 
is given by the sums of complete sets of conjugates Xo;. But for any o, since S,cS 
and (S:1) is square-free, it follows that (S,:1) is square-free. Hence (9.4) follows 
at once from (9.3). 

The special case of (9.4) which we shall need later is explicitly: 

Proposition (9.5). — Let V be normal in G with G/V = Z, cyclic of prime order q. Then 

R(V)%4=7R(G). 
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In this section we shall prove (7.2) for solvable groups. The main step is the 
following: 


_ Proposition (x0.1). — Let V be normal in G with G/V=Z, (q prime). Suppose 
dy: R(V) >" (By) ts an isomorphism. Then &_: R(G)>+4"(B,) is an isomorphism. 


Proof. — By (5.1) we have a strongly convergent spectral sequence: 
H"(Z,, 4°(By)) >"(Bs),,. 
By hypothesis % *(By) =R(V), so that 


(1) E23 H?(Z,, R(V)) = H(Z,, R(V))* by (3.17). 


Here we must observe the following: R(V) is the completion in the I(V)-adic topology. 
By (6.1) this is the same as the I(G)-adic topology, R(V) being viewed as R(G)-module. 
Since 7 R(G) CR(V)” it follows that R(V) is an R(G)-Z,-module as required for (3.17). 
Moreover H?(Z,, R(V))* denotes the I(G)-adic completion. 

Let &,...,&, be the (classes of) irreducible representations of V. Suppose &, 

for 1<?<r are invariant under Z,, and that the &; for 7>r fall into sets of g conjugates 
(these are the only possibilities since g is prime). Then as a Z,-module 
(2) R(V) =ZE,OZE®...OZEOM, 
where M is a free Z,-module. Hence H****(Z,, R(V))=0, and so E5***=o0. Since 
R(V) =H” °(B,) and #1(B,) =o (by assumption) it follows from (5.4), and (1), that 
(3) GX" (Bg), =H (Z,, R(V))*. 
To prove &, an isomorphism it is only necessary, by (7.9), to show that «(R(G)) is 
dense in %*(B,). Since «(R(G))c@R(G), and since the Zytopology of X°(By) is 
finer than its G-topology it will be sufficient to prove that &(R(G)) is dense in 4%” (Bg) 
for the Z,-topology. This means we have to prove, for each p, that 


(4) G?R(G) + GPX" (Be) a, 


is an epimorphism, where we give R(G) the induced filtration: R,(G) = @@'#7(Be) 2: 
For p=o we have to show (using 3)) that 
(5) R(G) > (R(V)")* +0 
is exact. But this follows from the fact that 
(6) R(G) > R(V)4+0 

is exact (9.5), and that I(G)-adic completion is an exact functor (3.16). For p= 2k +1 
"itis trivial. Suppose therefore p=2k,k>o. ‘To prove (4) in this case it will be sufficient, 
using (5), to prove that atts 
ra: G*R(Z,) @z (R(V) 40) * + Gx (Be)z, 
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is an epimorphism, where 4 is defined using the module multiplication of (2.7). But 
we have a commutative diagram: 


H?*(Z,, Z) @,R(V)% —> H*(Z,, R(V)) 


Nf 


H**(Z,, Z)@z(R(V)%)* > H*(Z,, R(V))*, 


where we have substituted for G*R(Z,) and G*%"(B,) by (8.1) and (3), and 
where A, p. are now the obvious maps (as follows from (2.7)). Fr rom (2) we see that p. 1s 
an epimorphism, and the finiteness of H**(Z,, R(V)) implies, by (3.3), that 7 is an 
epimorphism. Hence 4 is an epimorphism as required. This completes the proof. 


Proposition (10.2). — Let G be a solvable group. Then &:R(G R(G) > #*(B,) is an 
isomorphism. 


Proof. — A solvable group has, by definition, a composition series 
G=GDG DGD... > GaGa. 


With G,_,/G; cyclic of prime order. The length n depends only on G. We prove (10.2) 
by induction on n. For n=1, Gis cyclic and so the result follows from (8.1). Suppose 
itis true for groups oflengthn—1. IfGisoflength n, then G, haslengthn—1. Hence && 
is an isomorphism and G/G,=Z, (qg prime). Hence by (10.1) &, is an isomorphism. 


§ 11. The “completion” of Brauer’s theorem. 


We recall that an elementary group is a product of a p-group and a Ph group. 
In particular an elementary group is solvable. 

Let G be a finite group, {Hy} a the family of all elementary subgroups of G. 
Let Q denote the group of inner automorphisms of G. Then Q operates on A, o(A)eA 


being defined for oeQ, AcA by H,,)=cH,. For any (ordered) triple 4, u, veA we 
define a homomorphism 


@,,u,v: R(H,) > R(H,9H,) 
restriction if A=p,A+v 
as follows: O,u,y=)— restriction if A=v, A+ 
o otherwise. 
For any triple 4, u, o witha, weA and ceQ we define a homomorphism 
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Orns > R(A,) > R(Aoqy) 
| 1 if A=o(u),A+u 
5 ~ \ —o if A+06(u), A =u 
Ay Ur ies if A=p=a(p) 
o otherwise. 


as follows 


The set of all ©, , and ®, .,. defines a homomorphism 


¥: RH) > > > RA, nH,)® > R(Hy,): 
oEQ 


We shall now examine the kernel of Y. For any pair p,veA and p=2e,e2R(H a)s 
the component (0), , is by definition 


ele ai 205, u,o(Pa)s 


a Taw\Cu = ues); 
where 1, is the restriction R(H,) > R(H,qH,). 
Next, for any pair meA, c¢Q the component Y'(e)n, 18 by definition 


Y(0)n,o= 2 >. 0(P2)> 


= Po(n) o (Pn) : 
Hence peKer Y if and only if 
(i) 7,v(e.) =",n(9) for all p, ved, 
(ii) Pom =o (P,) for all meA, ceQ. 


Consider now the character y,=y(,). It isa function on H,. (i) and (ii) are 
equivalent to: 

Gly 7, nt oll, tor alive, ver, 

(ii) Pyke) for all reA, ceQ. 

From (i’) the set of y, defines a single-valued function (with values in C) on UH,. 
Since the family of elementary groups includes all cyclic groups it follows that UH, = G. 
Thus we have a function yon G. Then (ii’) asserts that o(y)=y forall ceQ. Hence 
0 =p, belongs to the kernel of VY if and only if y,=y(p,) is, for all 4, the restriction 
to H, of a class function y on G. But the theorem of Brauer [5, Theorem B] asserts 
that such a class function y is necessarily a character of G. Thus we may reformulate 
Brauer’s theorem as follows: 


Lemma (11.1). — We have an exact sequence 
r YY 
o+R(G) + = RH) > ere se 
where r is the restriction, {H,},c, 1s the fainily of all elementary subgroups of G and ¥ is the 
homomorphism defined above. 
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Lemma (11.2). — In the notation of (11.1) we have an exact sequence. 
o->R(G) > >R(H,) * » R(H,nH,)*® ERHoie) 
cy) 


where each completion is with respect to the augmentation topology. 
Proof. — This follows at once from (11.1), (6.1) and (3.16). 
Proposition (11.3). — For any finite group 
&@:R(G) > #*(B,) 
is an epimorphism. 
Proof. — With the notation introduced above we have a commutative diagram: 


6>R(G) =. 5) S RIM) > SR oH) Oak ae 


0+ X*(Bg) ———> 2X"(By,) > EX" (By, nu,) OZH" (By,,.) 


The top line is exact by (11.2). In the bottom line we have exactness at #"(Bg), i.e. 9 a 
monomorphism, by (4.10) and the fact that the H, include all Sylow subgroups of G. 
5 is defined in a precisely analogous way to ¥’, and since Q (the group of inner auto- 
morphisms of G) operates trivially on %"(Bg) (cf. § 4) it follows that 82=0. Now 8 
is an isomorphism, since the H, are solvable (10.2). Also y is a monomorphism (8.4). 


Hence p%&q: R(G)—>Ker 5 is an epimorphism. Since 9.%“(B,) cKer 8, it follows that 
oe” (B,) =Ker 3=p&,(R(G)). 


Since e is a monomorphism this implies #*(B,)= &,(R(G)), i.€. &g is an epimorphism. 
(11.3) and (8.4) together complete the proof of the main theorem (7.2) (in 
view of (7.9)). 


§ 12. The filtration of R(G). 


As remarked in the introduction the filtration on R(G) has been defined topolo- 
gically, via Bg, and the problem of giving an algebraic definition of the filtration is left 
unsolved. There is however a good candidate for such an algebraic definition due to 
Grothendieck, which we shall proceed to describe. 

We recall first the notion of a d-ring, introduced by Grothendieck. A d-ring is 
a commutative ring R (with identity) with operators 

”:R>R 
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(7 an integer >0), satisfying the following conditions: 


(1) Ne == 1, We =x, A(x y) =D n(x) .A™—*(y), 
i=0 
If we put, for any xeR, 
(2) n(x) = 5 )eR (LA, 
n>0 


the relations (1) express the fact that x—>2,(x) is a homomorphism of the additive 
group R into the multiplicative group 1+R[[¢]]*+ (formal power series with constant 
term 1) which is a right inverse of the homomorphism (1+ > MC) ee 

i>1 


The ring Z of integers has a unique -ring structure such that 


(3) (1) = 1 +e 
Then we have 
(4) Ay(m) = (1 +4)", '(n) = (7). 


An augmented i-ring will then mean a A-ring R together with a homomorphism 
¢: RZ of -rings, Z having the d-structure just described. 
If R is any A-ring, Grothendieck defines operators y" by the formula: 


(5) y"(x) =a"(x +n—1), 

and y,(x) by 

(6) ix) = 2 y"(x)e 
n>0 

Then y, and A, are related by the formula 

(7) 1i(%) = yj —1(*)5 

or equivalently 

(8) A,(*) = Yat+5(*)- 


These show, in particular, that the y” also satisfy the identities (1). 

Now let R be an augmented }-ring and let I=Kere, where ¢:R-—-Z is the 
augmentation. Then the filtration on R defined by Grothendieck is as follows (?): 
R,,, is the subgroup generated by the monomaals 

(1) (Ha) > «+ > 1) 

E . 
with x,e1 and Sn,>n. We shall refer to this as the y-filtration of the augmented >-ring. 
1 . . 

Since ¢ commutes with 2, it also, by (7), commutes with y,, and hence if xel 
ey" (x) =y"e(x) = y"(0) =0 for n2>1. 
This shows that, in the y-filtration, we have 
(9) Rea Ree Re 
From the definition it is clear that the y-filtration makes R a filtered ring, 1.€. 
Ran Raw ORen pom: 


(1) We adopt an “even” notation for the filtration in order to conform with the topological aspect. 
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As pointed out by Grothendieck the rings K°(X) (for a connected finite CW- 
complex X) and R(G) are augmented -rings, the 4° being the exterior powers. Thus 
if xeK°(X) is represented by the formal sum 

X= DN ee, 
where the &; are vector bundles on X, A,(x) is defined by 
Ay(*) = TA, (&,) 


where *(E,) is the f-th exterior power of the vector bundle &;. It is not difficult to show 
that this definition of ,(x) is unambiguous, and makes K°(X) an augmented A-ring. 
In a similar way if peR(G) is given by 
e = LN; e;, 
where the 9, are the irreducible representations of G, then a,(9) is defined by 
A,(e) = TA,(9;)"4 

where A*(o,) is the k-th exterior power of the representation p;. Since R(G) is a free 
abelian group with the 9, as basis, there is in this case nothing to prove. It is perhaps 
worth remarking that if we identify R(G) with the character ring of G, so that R(G)[[é]] 


becomes a subring of the ring of all functions G—C[[¢]], then for any representation o 
of G, 2,(e) is the function given by 


g>det(1 + tp(g)). 


We shall now consider the y-filtration of R(G), and to distinguish it from the 
topological filtration we shall denote the subgroups of the y-filtration by Rj, (G). 


Proposition (12.1). — Let G be a finite group, 9, ..., 9, tts irreducible representations. 
Put 6,='(e,—e(9;) + i—1) and define the weight of o,;tobei. Then R3,(G), the n-th subgroup 
of the y-filtration of R(G), ts the subgroup generated by the monomials of weight >n in the elements 
Oi (a= UWS ees EOS Ji Tyres K) 

Proof. — The elements p;—<(p,) form an additive base for I(G). Now by (7) 
it follows that y'(nx-+-my) is expressible as a polynomial of weight i in the *(x), y*(») 
(where weight y"—4) for all integers m, n. Hence, from the definition of Rj,(G), we 
see that it is generated additively by the monomials of weight >n in the o,,. However 
for 1><(9;) we have 

o4—= r'(9; +k) 

where k>0 and i>e(9;) +, so that o,=o0. This completes the proof. 


Corollary (12.2). — The graded ring associated to the +-filtration of R(G) is Sinitely- 


generated. The number of generators can be chosen equal to the sum of the dimensions of the 
irreducible representations of G. 


The y-filtration of R(G) defines a topology which we shall call the y-topology. | 
Corollary (12.3). — The y-topology of R(G) coincides with the I(G)-adic topology. 
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Proof. — From the definition we have 
I(G)"cR,,,(G). 


Conversely, let n be given, and put m==sn where 5 =max e(o;). Consider any monomial 


in the o,; of weight >m. Since i<s, the degree of the monomial must be > =n 
where we define the degree of each o,,to be 1. But by 9) o,e1(G). Hence 


R;,(G) c1(G)’, 


> 


completing the proof. 


Corollary (12.4). — For an abelian group G, we have 
R;,,(G) =1(G)" 

Proof. — If G is abelian all the irreducible representations p; have dimension 1. 
Hence, by (12.1), R3,,(G) is generated by the monomials in the elements 51; = (p;,—1) 
of weight >n. Since the o,, form an additive basis for I(G) we have 

R2,(G) =1(G)" 
as required. 

We turn next to consider the y-filtration of the augmented ring K°(X). Again 
to distinguish this from the topological filtration we shall denote the subgroups by K$’ (X). 


Proposition (12.5). — For all n we have 
K3,,(X) CBS, (X). 
Proof. — Since K°(X), with the topological filtration, is a filtered ring it will be 
sufficient to show that if «eK°(X) with e(x)=o then 
n(x + n— 1) eK}, (X). 
In view of (2.2) it will be sufficient to show that, ifdim X<2(n—1), then 
A"(x -+-n—1)=0. 
Now since e(x-+-n—1)=n—12 : dim X it follows that x-+-n—1 is in the “‘stable range” 
and so (it is easy to show) can be represented by a vector bundle & of dimension n—1. 
Then 2"(x-+-n—1) is represented by 2"() and this is zero since n>dim €. 

Since K°(X) is an augmented A-ring, for all finite connected CW-complexes X, 
it follows that the inverse limit group %°(B,) is also an augmented }-ring. Moreover 
from the definitions it is immediate (cf. § 1) that 

a : R(G) > #°(Bg) 
is a homomorphism of augmented i-rings, and hence a(R3,,(G)) c#3),(Bg). From (12.5) 
therefore we deduce 

Proposition (12.6). — Let {Rj,(G)} be the y-filtration of the augmented i-ring R(G), 
and let {R,,(G)} be the topological filtration. Then, for all n, we have 

R3, (G) cR,,,(G) E 

Next we need an elementary lemma. 
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Lemma (12.7). — In any d-ring, with y being defined by (5), we have the identity 
a(x) = 2 a2). 

Proof. — By (1) and (7) 

A(x) =A(x—2) .24(m) = yn (4 —m) (1 +8)" 


Se ee +r)". 
Equating coefficients of ¢”, the lemma follows. 
Proposition (12.8). — For n=o0, 1, 2 we have 
Rin(G) = Ro,(G). 
Proof. — In view of (9) we need only consider the case n=2. Let yeR,(G), then 
we can write y=p—vt, where g, t are representations of G of dimension and by (7.7), 
Mo) =A(+). hus 
y={o—2"(0) —n + 1} —{r—2"(z) —n + 1} 
Applying (12.7) with ge, 7 instead of x we see that 


p—2(p)—n+1=— > y(e—n) 


T(t) —n+1=— 2 (en). 
This shows that yeRj(G) which, in view of (12.6), completes the proof. 


The preceding results make it not unreasonable to conjecture that, for all n and G, 
we have Rj,(G)=R,,(G). We shall in fact verify this conjecture in the next section 


for a few explicit groups. 
In connection with this conjecture, (12.2) should be compared with a recent 


result of L. Evens, to the effect that H'(G, Z) is finitely-generated ('). 


§ 13. Some examples. 


In this section we shall compute a few illustrative examples of the spectral sequence 
H‘(G, Z) > R(G). | 
The symmetric group S,. 

The character table of S, is 


(Conjugacy classes) 


ke 


I I I 


(Irreducible 


representations) 
I =F] I 


JP 48 | oma =a 
(1) (Added in proof) It can in fact be proved that G#* (B,) is finitely generated. 
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Now by (4.9) the filtration on R=R(S,) is determined by its p-Sylow subgroups 
(p=2, 3). Since these are cyclic (8.1) enables us to determine the filtration completely. 
Putting «=1—x, B=2—y we find 

R,={«, 6}, R,={2 a, a+ 6} 
Ryree=(@+8)Ry (421); 
where for R,, R, we have written the generators. 
For the cohomology of S, it is well-known that we have 
Hit#4(S,5Z)=Z,,  Ht+(S,, Z)—o 
HY*+4(S,, Z) =Z,, 
and that the generator of H*(S,, Z) gives the periodicity (by cup-products). 

Since there are only even dimensions the spectral sequence collapses and we 

have (5.3) a ring isomorphism H’(S,,Z)=GR(S,). This checks with the above 


formulae, « mod R, giving the generator of H?(S,, Z) and («+ 6) mod R, giving the 
generator of H*(S,, Z). 


Since #y=.x, the elements o,, of (12.1) which generate the y-filtration of R(G) 
are —a, —BeERj(G), —«+6eRj{(G). 
Since a=2a, B?=—3 8B—a, «8 =2« it follows that Rj,(G)=R,,(G) for all n, in accor- 
dance with the conjecture of § 12. 


The Quaternion group. 


G is now the group whose elements are +1, +i, +j, +h under quaternion 
multiplication. 
The character table of G is 


(Conjugacy classes) 


Eee ace Ne a() baal 
3 I I I I I 
x; I I I —jJ|—I1 
(Irreducible —) 
representations) x : A ee Se 
cm Ne) es ea Net 4 
Ye Nivel 08) O O 
J | 


The cohomology of G is [7, p. 2541] 
Ht#+2(G, Z) =Z,0Z,, 
Hee, Z) = Zs; 
H?2+1(G, Z) =o, 
and the generator of H*(G, Z) gives the periodicity. 
283 


60 M. F, ATIYAH 


Thus again the spectral sequence is trivial and so we have a ring isomorphism 
H"‘(G, Z)=GR(G). However, unlike the case of S,, we have no guaranteed method 
of determining the filtration on R(G). In fact we can determine the filtration as follows. 

First put «=1—x,, B=1—,, Y=3—%j—4%j—%, 9=2—y). Then R,=={2) By 9) 
and the products are given by: 


w—=2a, oB —2at2b+y, ay=—4a, c=—2 4, 


B= 2 8 By=4 8, BS=2 B, 
Cedi ay, 
= 2 $6—y. 


Now to determine R, it is sufficient by (7.7) to consider determinants (or the first Chern 
class). It is easy to see that ¢,(x)—=a,¢,(8)=5 are generators of H?(G, Z), and that 
c,(y)=0. Since there is an automorphism of G permuting x,, x;, %, cyclically, it follows 
by symmetry that det y=1, ie. ¢(8)=0. Thus R,={2«,26, 7,5}. From the 
product formulae we find 


R,R, =5R,={2 a, 28,27; 4 s—y}. 


This is of index 8 in R, and so must be R,. Moreover 5 mod R, gives a generator d 
of H*(G, Z). The fact that d gives the periodicity of H’(G, Z) then shows that the 
filtration of R(G) is given by 
Ry pa= Ry, Ru pa= d*Ry. 
Since 2y=1, the elements o,, of (12.1) are 
— a; —6; a + B—yeR,(G), —seR,(G). 
Since %;%;%,—=1 we deduce 
(1—a) (18) (1--a-+B—y) =1 

and hence yel(G)*cR,(G). Also #2 a, #228, sothatwehave Rj,(G) =R,,(G) 
for all n, in accordance with our conjecture. 

We can now use the product formulae in R(G) to compute cup-products. We get 


=) 0, ab = 4. d. 
Remark. — Whenever, as in this example, the odd cohomology groups vanish and 


the filtration on R(G) is known the cup-products in H*(G, Z) can be read off from the 
character table of G. 


A product of cyclic groups of order 2. 


Let G=Z,xZ,x...xZ, (n factors). Then H*(G,Z) has non-zero odd- 
dimensional groups, so that the spectral sequence does not collapse. Now the first 
operator d; of the spectral sequence is the Steenrod operation S¢@ (2.4), d). A direct 
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calculation (1) shows that E,=H(H'(G, Z),d;) is generated multiplicatively over Z, 
by elements x; (of dimension 2) i=1, ..., with relations 


(1) Kkpesdxe (i, 7 = 15", .., 2). 


a 


Thus E, has only even-dimensional terms and so (cf. (5-3)) E,2E, =GR(G). 
On the other hand R(G) is generated over Z by elements Op (t= 1a he with 
e;=1. Putting «;=1—p,, we get the relations «?=2«,. These imply the equations 


% 


(2) Ojo = 2 OL; Ob = 0%, 04 


a; mod R, gives an element of E, which is easily seen to be x,. The relations (2) then 
check with the relations (1). Moreover we see that R,,(G)=I(G)" which, in view 
of (12.4), agrees with our conjecture. 


Remark. — ‘The calculation for a product of cyclic groups Z, (p a prime +2) is quite 
similar. One has to use the operator d,,_, of the spectral sequence. 

A direct description of the filtration on R(G), for example a proof of the conjecture 
of § 12, would lead to lower bounds for the cohomology groups of G. In the absence 
of such a description we can only give a weak qualitative result in this direction. 


Theorem (13.1). — Let G be a finite group containing more than one element. Then there 
exist arbitrarily large integers n so that H"(G, Z) +0. 


Proof. — The hypothesis on G and (6.10) imply that 
Lass % 
Im{1I(G) +1(G)}=I(G)/ NG)" 


is a free abelian group of rank >o. Now if H"(G, Z)=o for all sufficiently large m then 
by (7.6) I(G) would be finite. This gives a contradiction, and so the theorem is proved. 


APPENDIX 


Chern Classes. 


If & is an n-dimensional complex vector bundle over a GW-complex X, then & has Chern classes 
c;(€) €H?*(X, Z). For the definition and properties of these classes we refer to [9, § 4] or [2, §9]. Taking X=Bg, 
the classifying space of a finite group G, we deduce , 

(1) To each complex representation e of G there are associated Chern classes ¢;(0) €H?*(G, Z), co(p) =1 and ¢;(¢) =o 
for i>dim p. ’ 

The Chern classes ¢;(9) are thus defined topologically. It would be highly desirable to have a direct algebraic 

ragitimss . . + 
definition of them, but like the corresponding probiem for the spectral sequence H*(G, Z)=>R(G) this is still 


unsolved. 
We proceed now to give the formal properties of Chern classes. 
(2) If f: G'—+G is a homomorphism and g is a representation of G, then 


oj(f*9) =F*e5(e). 


(1) I am indebted to C.T.C. Wall for this calculation. 
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(3) For 1-dimensional representations 
c, : Hom(G, U(1)) > H%(G, Z) 
is an isomorphism. 
This is in fact the isomorphism (1.3). 
(4) If o* is the dual (or contragredient) representation of e, then 


c;(e*) = (—1)*a;(e). 
It is convenient to consider the sum of all the Chern classes 


e(p) = Da,(e)€H"(G, Z). 


(5) (9 ®0) =e(¢).0(0). 
Suppose now that up: U(n)—>U(m) is a representation of the unitary group U(n). Then pu. has associated 
with it m integral linear forms w,, .. ., Wy, (the weights) in variables x,, ..., *, (cf. [2, § 10]). Moreover the elementary 
symmetric functions 6; (1, . . -, @,_) are symmetric in x,, ..., x, and hence expressible as polynomials in the elementary 


symmetric function 6;(%,,.--,%,)- Let Py; be this polynomial, thus 


Gj (Wy, «+5 Wyq) = Pr, g(Or(H1, «+ +> Xp)o +22 Sn (Mas ++ +9 Xp))> 


Now if 9: G->U(n) is a representation of G then ye : G—> U(m) is another representation. The relation 
between their Chern classes is given by [2, § ro]. 
(6) ¢;(ue) = P,, (er(P), -+ +5 n(P))- 
In particular, taking pu. to be the n-th exterior power representation 4”: U(n)—>U(1) we deduce 
(7) If dimp=n, then 
6,(e) =0(A"p). 
In view of (3) this means that ¢,(e) is effectively known for any p. 


If x1, .. +5 Xs Dis ++ +sJm are two sets of indeterminates with elementary symmetric functions a;, b; respectively, 
we can define polynomials Q;, by the formula 


TT (1 +4(%; +.94)) = DOQg(Gas + +3 apy Bay «+ +) Omg) t 
1<i<n k 
1<j<m 


where ¢ is an indeterminate. The Chern classes of a tensor product are then given by 
(8) cy(p @o) S Qi(e1(0)5 Oca) Cn(P)s ¢1(9), sey Cm(0))- 
Note that if dimp—=dimo=1, (8) gives ¢,(@®o) =c,(e) +¢,(c) which is part of the assertion of (3). 
In view of (5) the “‘total’’ Chern class ¢ may be extended to give a homomorphism 


c¢:R(G)>A(G) 
@0 
of the additive group R(G) into the multiplicative group A(G) consisting of elements of I] H?*(G, Z) with constant 


; ’ k=0 
term 1. For example suppose G is a cyclic group of order n, and let p be the basic 1-dimensional representation 


and x the corresponding generator of H?(G, Z) (cf. § 8). Then the elements of A(G) are formal power series 
cd 
pela ay ay, x*, GeLZ 
k=1 

R(G) is a free abelian group generated by 1, p, 9%, ..., 0-1 and ¢ is given by 

a n—1 

| x met) = Il (1 +key, 
k=0 k=0 


where on the right k is regarded as an element of Z,, and if my, <0 we expand (1 + kx) as a formal power series. 
If n=pf isa prime then Zp, is a field and so 

oe 

abe +kx)"k=1 <> m=o0 for k+o. 


Thus, for G cyclic of prime order, c:1(G)>A(G) 
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isa monomorphism. This certainly cannot held for general cyclic groups, since 0 : R(G) >R(G) is not in general 
a monomorphism (6.10) and 0(6)=o=>¢(o)=o (see below). However even in the case of a p-group, when 6 
1s a monomorphism (6.11), it is still possible for ¢: I(G)-»>A(G) to have a non-zero kernel. 
be cyclic of order p?, then c(peP—p) = (1 + px)P = 1. 

It appears unlikely that the formal properties of Chern classes listed above are sufficient to prove their uniqueness 
(working only within the category of finite groups). It is probable that one would have to add a formula for 


As an example let G 


c;(i,(@)) where i,(p) is the “induced representation”. However it is easy to see that there can be no simple formula 
involving only ¢;(e). For example let i:G’—>G be the inclusion with G=Z, and G' the identity, and take 
p12 
e=1. Then i,(9) is the regular representation e” of G and 
k=0 
p= 1 p-i 
cf ok) — II (1 + kx) = (1— xP -}), 
k=0 k=0 


Thus ¢p(i,(p)) +0 while ¢;(p)=o for all i>o. 


If a formula for ¢;(i,(e)) were known, for p 1-dimensional, then one could use Brauer’s Theorem [5] and (3) 
to determine all Chern classes. 


Relation with the spectral sequence. 


We shall now describe the relation between the Chern classes of a representation and our spectral sequence. 
The statements which follow are given without proof, but they are all elementary consequences of the results in [1]. 


We recall that R(G) is filtered by subgroups R,,,(G) defined topologically. If we filter the group A(G) by 
ed 


defining A,,,(G) to be the subgroup of elements a= I My with agy=o for 1<SvSn—t, then 
v=0 


(9) ¢: R(G)—>A(G) is a homomorphism of filtered groups. 
In particular ¢ induces a homomorphism of completions (A(G) is itself complete) 
2 :R(G)—>A(G), 


aa, 
and c(s) =o fora in the kernel of R(G)—>R(G) as stated above. 


Let H'(G, Z) CH*(G, Z) denote the subgroup of “universal cycles’’ in the spectral sequence H*(G, Z) =>R(G), 

ie. H'(G, Z)=Ze in the notation of § 3. From the spectral sequence we obtain an epimorphism 
@: H'(G, Z) >GR(G). 

Then we have: 

(10) For all pER(G) and all i ¢;(0)EH'(G, Z), 

(11) Let pER,,(G), [oe] the image of p in G?"R(G). Then 

9(cn(9)) = (—1)"-Hn—1)! [e]. 
There is also a close relation between Chern classes and the operators y” of § 12. If pER(G) then, by ; 


definition of R,,,(G), ¥"(e—e(p)) ERan(G). 
Since R},(G) CR,,(G) (12.6) we obtain an element [ye —e(e))JeG?"R(G). Then 
(12) For any pER(G) we have 9(¢y(e)) = [y"(e -e(e))I- 


From this we see that the conjecture that R},(G) =Rg,(G) which was made in § 12 is equivalent to the 
following conjecture: the subring of H'(G, Z) generated by all Chern classes is mapped, by ¢, onto GR(G). 

We already know (2.5) that c, induces an isomorphism G?R(G)—>H*(G, Z). It follows from (11) that cy 
induces a monomorphism (+) G4R(G) > H4(G, Z). 
Thus up to this dimension the filtration is determined by the Chern classes. 


“ : = 
dimensions as is shown by the example above with G cyclic of order p*. : 
In conclusion we may add that for real representations @ one can introduce Stiefel-Whitney classes 


w;(e)EH"(G, Z,) [2, § 10]. Their formal properties are similar to those of Chern classes. 
a ? > 


This is no longer true in higher 


fi Pari 
i i i the first non-zero group B p arises 
(?) From the spectral sequence view-point this corresponds to the fact that group 


for p=6. 
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